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yi PREFACE. 

the simplicity of its operations, no wonder that 

such a system should be universally adopted. 

When the Editor first thought of undertaking 

the work, he purposed to make his translation 
from the Oxford copy, edited by Dr. David 

Gregory in 1703 ; but, after consulting the edition 
recently published at Paris under the superintend- 
ance of Peyrard, and reading the lectiones vari- 
antes of that work, the Editor fully resolved to 
make his translation from it : first, because it came 
out under the strongest recommendations of the 
best mathematicians on the Continent, such as 
Lagrange, Legendre, &c. ; and, secondly, because 
the learned M. Peyrard himself bestowed the 
greatest labour in examining and collating all the 
existing MSS. and oldest editions. 

The Editor has bestowed the greatest care in 
the execution of his undertaking ; he has availed 
himself of the assistance of several eminent ma- 
thematicians ; and he trusts that the public, in 
reviewing his labours, will, after an impartial 
criticism, be enabled to bestow upon him some 
. commendation, the only reward which he can hope 
to receive. 



INTRODUCTION. 



The tenn Greometry is derived from two Greek 
words, which literally signify the art of measuring 
the earth: it does not, however, so much imply 
the ascertaining the measure of the whole globe as 
that of certain parts of its surface ; and hence we 
are informed by historians that the finding of the 
dimensions of lands, and other plane %ures, with 
some of the mdst simple and obvious methods of 
determining their contents and relative proportions, 
were the first uses made of this science by the an- 
cients. It has, however, since been extended to 
numberless other speculations; insomuch that, 
together with analysis^ Geometry forms the prin- 
cipal foundation of all the mathematics. 

Like many other arts and sciences, the origin 
of Geometry is involved in considerable obscurity, 
some authors fixing it at one period, and others at 
another. Most, however, assign Egypt for its 
birth-place, and that the annual* inundations of 
the Nile first excited attention to this science 
among the inhabitants of that nation ; for the 
waters bearing away the boundaries of the land, 
in the lower and most fertile parts of the country, 
and laying waste their estates, the people were 
obliged to devise some method for ^certaining the 
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PREFACE. 



The object of this edition of the Elements 
of Euclid is to present an accurate translation of 
the twelve books, upon such a plan, and with such 
illustration, as may facilitate the advancement of 
the student. 

In the accomplishment of the latter object, the 
Editor has inserted a number of deductions at 
the end of their respective propo&dtions, by way 
of exercises in devdi^ing the powers of genius 
and inquiry ; and he hopes that, as the student 
performs these in his progress through the work, 
they will serve to render the subject of Elementary 
Geometry more familiar to his mind. In the 
selection, the Editor has taken some from Cress- 
well, Bland, &c. and added others of his own ; and 
he trusts it is made so as to meet the approbation 
of the public in general. There are also algebraic 
demonstrations annexed to the second and fifth 
books ; for in these the Editor believes that ana- 
lysis is generally employed as well in the Uni- 
versities as in military and naval institutions; 
and, considering the facility which it affords, and 
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property of each person after the waters had sub- 
sidedy and to establish it upon principles that 
would serve as a guide to posterity. 

Herodotus, however, the first who wrote history 
in prose, assigns its origin to a different cause. 
The following is the account he himself gives of 
what he learned respecting it at Thebes and Mem- 
phis : ** I was told," says he, ^ that Sesostris 
divided the kingdom among all his subjects, and 
that he had given each an equal quantity of land, 
on condition of paying annually a proportionate 
tribute. If the portion allotted to any one were 
diminished by the river, he went to the king and 
told him of what had happened ; the king then 
sent and ordered the land to be measured, that he 
might know what diminution it had undergone, 
and demand a tribute only in proportion to what 
remained. Here, I believe," adds Herodotus, " Geo- 
metry first took its rise, and that hence it was 
transmitted to the Greeks." 

If we wished, says Bossut, to indulge in frivo- 
lous conjectures, wie should carry back the origin 
of Geometry to the invention of the square and 
compasses, since it makes the greatest use of them 
in practice ; but the same argument of their use, 
continues he, will lead us to suppose that these 
instruments were invented at the commencemaat 
of society. Indeed some such instrument must 
have been used in the earliest ages of the world, 
as the rudest operations of nature could not be 
effected without them. But if we fix the period 
when Geometry began to assume the character of 
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a real science, ' we shall at once transport ourselves 
to Greece and the age oi Thales. 

This illustrious philosopher was bom at MUe- 
tum about 640 years before Christ. After receiv- 
ing the usual learning of his own country he tra^ 
veiled into Egypt, where he became eminent m 
Astronomy, Geometry, Philosophy, &Ct Whatr 
ever instructions he might receive from them in 
many branches of knowledge, it does not seem 
probable that he obtained much information from 
them in Geometry, as all writers agree that he 
was the first who measured the height of thQ 
pyramids by the extent of their shadows. It is 
said that he also applied the circumference of the 
circle in measuring angles. There can be little 
doubt that he made many other discoveries, which 
have not been directly handed down to us, but 
which might have been inserted in elementary 
books, and ranked among discoveries of later 
times ; from him also Astronomy made a very 
considerable advance ; and he is generally reputed 
to be the father of the Greek philosophy, being 
the first that made any researches into natural 
knowledge. 

From Thales we pass on to Pytiiagoras, a phi-> 
losopher no less distinguished than the former for 
the variety and extent of his discoveries ; among 
the most eminent of these, at least in Geometry, 
which he made, may be mentioned, that the square 
of the hypothenuse of a right angled triangle is 
equal to the sum of the squares of the other two 
sides (see note to the 47th proposition of the 1st 
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book) ; he is also said to be the inventor of the 
32d proposition of the same book, viz. that the 
three angles of any triangle are together equal to 
two right angles ; as likewise to have shown that 
only three polygons, or regular plane figures, can 
fill up the space about a point ; viz. the equilateral 
triangle, the square, and the hexagon ; these, 
however, when compared with his other inven- 
tions, will appear but trifles : in Astronomy he is 
reported to have maintained the true system of 
the world, which places the sun at the centre, and 
makes the planets to revolve round him ; and from 
him it is called the Pythagorean system, which 
was revived by Copernicus. Whether we consider 
the variety of his discoveries, or the extent of his 
attainments ; whether we reflect upon his inventive 
genius, which distinguishes him in all his pursuits, 
or upon that amazing assiduity so conspicuous 
amongst the whole race of Grecian philosophers, 
few mfen will be found to possess a greater claim 
to the honour of posterity than Pythagoras. As 
a mathematician, he was decidedly the first of his 
time. As a philosopher, we find him delivering 
many excellent things concerning God and the 
human soul, and a great variety of precepts relat- 
ing to the conduct of life both political and civil. 

Although it is doubtful whether Geometry at 
this time had been founded into a regular system, 
yet, from what has been said, it appears: that it 
must certainly have made considerable advances, 
and that many of its detached parts were known ;, 
for not more than a century had elapsed, from the 
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age of Pythagoras, when Zenodorus, a man of 
great parts, arose, and whose writings are the first 
amongst the ancients, which have survived the 
wreck of time, a geometrical tract of his having 
been preserved by Theon in his Commentary upon 
Ptolemy's Almagest, wherein he has shown the 
falsity of the opinions then entertained that 
figures, with equal peripheries, have equal areas : 
a problem not easy of solution, and shows that 
Geometry must have then made a great progress. 
The ingenious theory of the five r^ular bodies 
originated also about the same time in the Pytha- 
gorean school. 

Next in order comes Hippocrates, a man pos- 
sessing a very brilliant genius, and who rendered 
Geometry essential services by his diligence and 
assiduity. Among his discoveries the quadrature 
of the celebrated lunulae of the circles, which bear 
his name, may be placed foremost in the list. 
Having described three semicircles on the three 
sides of a right angled triangle considered as dia- 
meters, the one on the hjrpothenuse being in the 
same direction as the others, he found that the 
sum of the areas of the two equal lines comprised 
between the two quadrants to the hypothenuse, 
and the semicircles answering to the other two 
sides, was equal to the area of the triangle. He 
also wrote Elements of Geometry ; which, from 
the account given by Proclus, were much esteemed 
in his time ; although, having been superseded by 
the Elements of Euclid, those of Hippocrates 
were consigned to oblivion. He also appears with 
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bonoiur among the list of Greometers, who at- 
tempted to solve the celebrated problem of the 
duplication of the cube, which at that period began 
to be pursued with ardour. The circumstance of 
ihk problem is weU known; its solution at first 
si^t appeared easy; but the mistake was soon 
p^reeivedy and all the geometricians of Greece 
were baffled in attempting to solve it. Notwith« 
standing the failure of this, Geometry still con« 
tinued -to advance, and was cultivated with great 
care and attention by Plato (B. C. 300) ; although 
we have no work of his written upon this subject, 
yet we learn from other writers, and indeed from 
many passages in his works, that he was well 
aequainted with its different branches, and had 
even inched it with many of his discoveries. 
Indeed so profound a veneration did he entertain 
for the science here spok^i of, that he made it 
the principal object of instruction among his scho- 
lars. He had written over the door of his aca- 
demy, ** Let no one enter here who i$ ignorant of 
Geometry." 

The problem before-mentioned, ^. the dupli- 
QMiiask of the cube, particularly engaged his atten-* 
tian ; and although he was unable to resolve it by 
a method purely geometrical, or at least as con- 
sidered by the ancients, that is, by the rule and 
compasses only, yet he invented an ingenious, 
ihough mechanical solution, by means of an in- 
stiument, consisting of two rules, one of them 
moved in the grooves of two arms at right angles 
with the other, so as always to continue paralld 
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inih it. But though Pkto was unfortunste iq 
hia attempts to double the cube» yet .we find hini 
more successful in another speculation of a kind 
entirely new. Before his time the circle was the 
only curve admitted into geometry^ Plato^ however^ 
discovered the conic sections, or those curves whidi 
are found on the sur&ee of a cone by a plane 
cutting it in different directions ; and by atten* 
tively examining the generation of those curves^ 
he discovered some of their most remarkable pro^ 
perties, which being made the continual study of 
his scholars and successors^ it at length became a 
distinct science from the common elements, and 
recdved the appellation of the higher or sublime 
geometry. 

The important addition of conic sections to the 
mathematical sdetices being, as before observed^ 
particularly cultivated by the geometers of that 
time; Aristeus, a friend and disciple of Plato, 
composed five books on that subject, which are 
spoken of with great eulogies by the ancients ; but 
either from the despotism of ignorant barbarians, 
or from the ravages of time, they have unfortu* 
nately not reached us, and nothing more is known 
of them than the little that is mentioned by 
Pappus, in his Mathematical Collections. Of 
Menechmus, we have two learned applications of 
the same theory to the problem of the duplicatioti 
of the cube ; and from the result of his labours, it 
appears that if we possessed the means of de« 
scribing conic sections by one continued motion^ iu 
as simple a way as we trace a circle with the 
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oompasses, the solutions of Menechmus would 
have all the advantage of geometrical construction 
in the sense which the ancients applied to the 
term. But at present no instruments have been 
made that will describe the conic sections in this 
manner. 

I cannot, however, pass over the problem of the 
trisection of an angle, which is of the same kind 
with that of doubling the cube, both of which 
were equally agitated in the school of Plato ; and 
although a solution was not to be attained by 
means of the rule and compasses only, yet it was 
reduced to a very neat and simple proposition. 
This consists in drawing a right line from a given 
point to the semi-periphery of a circle, which line 
shall cut this periphery, and the prolongation of 
the diameter that forms its base, so that the 
part of the line comprised between the two points 
of intersection shall be equal to the radius; a 
result that gives rise to many simple construc- 
tions, two of which may be seen in Bonnycastle's 
Elements of Geometry, page 282. Most of the 
ancients, however, were so possessed with the hope 
of solving these two problems with the rule and 
compasses only, that they could not be persuaded 
to give it lip ; they made many fruitless endea- 
vours ; and this anxiety raged like an epidemic 
disease, which has been transmitted from age to 
age down to the present day ; but after they have 
baffled the attempts of such illustrious characters 
as Archimedes among the ancients, and Newton 
and Maclaurin among the moderns, it would surely 
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txgae a want of discretion in a young mathema- 
tician to waste his time in such ill-fated specu- 
lations. 

It may not be improper to mention the cele- 
brated Aristotle, the successor of Plato, and pre^ 
ceptor to Alexander the Great; but though, in 
other respects, he may be regarded as one of the 
greatest men of his or indeed of any other time, 
yet we are not told that he made any improvements 
in the mathematical sciences. After attending 
the lectures of Plato, he opened a school himself 
in the Lyceum of Macedonia, which was assigned 
him by the magistrates, and was the founder of 
the sect called the Peripatetics. Among the 
number of his disciples were Theophrastus and 
Eudemus, who particularly applied themselves to 
the study of the mathematics. The former wrote 
a History of the Mathematics in eleven books, from 
their origin to his own time, four of which treated 
on Greometry, six on Astronomy, and one on 
Arithmetic. The latter also wrote a work of a 
similar kind, consisting of six books, on the His^ 
tory of Geometry, and another of the same number 
of books on that of Astronomy. But these, which 
would have been so useful to the modem scientific 
inquirer, which would have assisted him so much in 
his researches after the precise origin of the various 
mathematical sciences, and their progress in those 
times, have not been transmitted to the present age. 

Notwithstanding the ancients were not suc- 
cessful in the object they sought to attain, yet 
Geometry received additional splendor from the 
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rcMarches tbey were continually making; new 
theories wete introduced^ and iome ingenious in- 
struments for solving the two problems in question, 
so as to approximate the truth near enough for 
practical purposes ; most of these methods are 
now lost^ but those of four eminent geometricians^ 
Tils. Binostratus, Nicomedes, Pappus, and Diocles, 
deserve particular praise for their merit ; but the 
r^er must excuse my not entering into an expla- 
nation, or exhibiting to him a view of their several 
plans, as such would swell this introduction much 
beyond the limits which I intend it should oc- 
cupy* 

Next after the period of Plato, and his disciples 
here mentioned (passing over Euclid for the pre- 
sent), may be reckoned Archimedes of Syracuse, 
who was bom about 280 years before Christ. In 
his youth, he devoted himself to the study of 
Greometry ; and in his maturer years, he travelled 
into Egypt, where the Greeks usually resorted in 
the pursuit of science. After an absence of several 
years, which he spent in the society of Conon and 
other eminent men, and during which time he 
gave very promising indications of his future fame, 
he returned into his own country, and then con- 
tinued his studies with the greatest zeal and 
assiduity. Such, indeed, were the intenseness and 
ardour of his application to mathematical sciences, 
that he prosecuted his studies to the neglect both 
of food and sleep, and improved the minutest 
circumstance that occurred into an occasion of 
making very important and useful discoveries. 
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His active and comprehensive genius led him to 
the study <^ every branch of science then knonvn ; 
Geometry, Arithmetic, Optics, &c. equally engaged 
his attention, and alike experienced the powerful 
effects of his superior talents, talents which placed 
him with such distinguished lustre in the view of 
the world as to render him both the honour of his 
own age, and the admiration of posterity. He 
was, indeed, the prince of the ancient mathema- 
ticians, being to them what Newton is to the 
modems, to whom, in his genius and character, he 
bears a very near resemblance. He was the first 
who squared a curvilineal space, excepting Hippo- 
crates, on account of his lunula. He applied 
himself dosely to the measuring of conic sections, 
as well as other figures. He determined the 
relations of spheres, spheroids, and conoids, to 
cylinders aild cones, and the relations of parabolas 
to rectilineal planes, whose quadratures had long 
before been determined in geometry. He also 
proved that a circle is equal to a right angled 
triangle, whose base is equal to the circumference, 
and its altitude equal to the radius. 

Being unable to determine the exact quadra* 
ture of the circle, for want of the rectification of 
its circumference, which all the methods he devised 
would not effect, he proceeded to assign a useful 
approximation to it : this he effected by the 
numeral calculation of the perimeters of the in- 
scribed and circumscribed polygons; from which 
calculation it appears, that the perimeter of the 
circumscribed regular polygon of 192 sides is to 

b 







xviii INTRODUCTION. 

Us diameter m a less ratio than 34- to 1, and that 
the perimeter of the inscribed polygon of 96 sides 
it to the diameter in a greater ratio than that of 
S-ff to 1 : (therefore the ratio of the circmnfeienoe 
to its diameter must be between these two ratios. 
But that which has rendered him most famous in 
the eyes of posterity is the fabrication of such 
admirable engines for the defence of S]nn|pu0e 
when besieged by the Roman ednsnl Mmd^0 
showering upon the enemy sometimes long dbifii^r^^ 
and stones of vast weight, and in great quanHties: 
at other times lifting their ships up into ih^aii^ 
that had come near the walls, and dashing them ^ 
to pieces, by letting them fidl down again; nor - 
eould they find their safety iii> removing out of 
the reach of his cranes and levefs, for thoe^ he 

■ 

continued to fire thaoi with the rays -of the sun ^ 
reflected fix>m burning glasses. 

However, Syracuse was at length taken ; ^ whMiv^ 
gave Marcellus the greatest concern," says Fiii-r 
taichy '' was the unhappy fate of Archimedes, who 
was at that time in the museum ; so intent was 
his mind, as well 9S his eye, upon some geometrical 
figures^ that he heard not the clashing of arras, 
nor the invasion of the dty ; in this state of ah- 
straction, a soldier capie suddmily upon him, and 
ocmmianded him to follow him to Marcellus ; but 
he refusing to stir till he had finished his problem 
so much enraged the soldier that he ran his sword 
through his body." liivy says, that MarceUus was 
so much grieved that he took care of his funeral. 
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and made his name a protection and honour to 

those who could daim any relationship with him. d 

Archimedes was a lover of glory ; not of that 
sordid ambition which inspires mediocrity, but of 
solid glory, which is due to a man who has enlarged 
the limits of science. He desired, when he was 
dying, that a sphere inscribed in a cylinder might 
be engraved on his tomb, to perpetuate the memory 
of his most brilliant discovery ; the Sicilians, how- 
ever, having their minds turned upon diffei^nt 
objects than Geometry, forgot the man wh^ was 
thdr chief honour in the eyes of posterity. Two 
hundred years after his death, Cicero being then 
quaestor in Sicily, gave, to use his own words, 
Archimedes a second time to light: unable to 
learn from the Sicilians the place of his interment, 
he sought for it by the symbol before mentioned, 
and six verses in Greek inscribed upon its base. 
After much fruitless research, it was at length 
discovered in a field near Syracuse over-grown 
with thorns ; he showed it to the Sicilians, who 
blushed for their ignorance and ingratitude. Not 
more* than fifty years had elapsed since the death 
of Archimedes, when ApoUonius arose, who, if 
not equal to his illustrious predecessor, certainly 
ranks in the second place among the ancients, and 
who gave a great impulse to the mathematical 
sciences. He was bom at Perga, in Pamphylia, 
whence he is called ApoUonius Pergseus, to distin- 
guish him from others of the same name. His 
contemporaries styled him the Great Geometrician, 

b SI 
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and posterity has confirmed this honourable title 
without detracting from the merit of Archimedes, 
to whom it assigns the first place. 

ApoUonius composed a great number of books, 
which were considered by the ancients as affording 
the most perfect examples of the higher geometry 
of that time ; most of these are now lost, or exist 
only in fragments ; we have, however, nearly the 
whole of his conic sections, which are alone suffi- 
cient to establish his fame, and to merit the title 
beforo-mentioned ; this treatise consisted originally 
of eight books ; the first four of which have been 
transmitted to us in the language in which they 
were written ; and the following three had been 
preserved only in an Arabic translation made about 
the year 1250, and translated into Latin about 
the middle of the seventeenth century by Borelli ; 
but to the great regret of all geometers, the eighth 
is entirely lost. A magnificent edition was pub- 
lished by Dr. Halley in folio, at Oxford, in 1710, 
together with the Lemmas of Pappus, and the 
Commentaries of Eutacius. The other writings of 
Apollonius, mentioned by Pappus, are, 

1. The Section of a Ratio, or Proportional 
Section; two books. 

S. The Section of a Space, in two books. 

S. Determinate Section, in two books. 

4. The Tangencies, in two books. 

5. The Inclinations, in two books. 

6. The Plane Lair, in two books. 

Were I writing a minute history of mathe-^ 
matics, I might give an account of the geome- 
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tticiaiis^ who flourished from the time of Archi- 
medes to the destruction of the Alexandrian School ; 
but as this introduction is intended only as a brief 
historical sketch of those ancient mathematicians, 
who successively improved and made discoveries in 
the sciences, the reader must not expect to find an 
enlarged history of an obscure individual^ or a full 
relation of a trifling improvement. 

It may not be improper, however, to name 
Conon and Dositheus, both very learned men, and 
both friends of Archimedes, Gemmius, a mathema- 
tidan of Rhodes, who wrote a work entitled 
•* Enarrationes Geometricae," &c. 

After these we may reckon Theodosius, who 
wrote a treatise on spherics, in which he examines 
the properties which circles formed by cutting a 
sphere in all directions have with respect to each 
other. From the time of this eminent man, we 
move on for three or four hundred years without 
meeting with one person who contributed anything 
to the advancement of the sciences. Theon, how- 
ever, appeared about 380 years after Christ ; and 
by his skill and perseverance in mathematics and 
philosophy, he obtained the honourable dignity of 
being ap})ointed president of the famous Alexan- 
drian School, where^ by his erudition and conduct, 
he gained the greatest respect and reputation. His 
principal works, which have escaped the ravages of 
time, are his Scholia, or Notes on Euclid's Ele- 
ments, and his Commentary on the First Eleven 
Books of Ptolemy's Almagest. They were pub- 
lished in Greek in the years 1633 and 1638. The 
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Scholia were published by Commandine in one of 
his Latin editions of Eudid. His Commentaries, 
, however, on the Almagest have not yet been trans- 
lated, except the first book. 

One of his most celebrated pupils was his own 
daughter Hypatia, a very learned and beautiful 
lady, bom at Alexandria about the end of the 
fourth century. Her father, perceiving her ex- 
traordinary genius, had her not only educated in 
all the ordinary accompHshments of her sex, but 
instructed in the most abstruse sciences. She 
inade such great progress in philosophy, geometry, 
astronomy, and the matibematics in general, that 
she passed for the most learned person of her 
time. She published Commentaries on ApoUonius's 
Conies, on Diophantus's Arithmetic, and other 
works. Whilst very young she was chosen to 
succeed her father in the siime school, and to 
deliver instructions out of that chair, where Am- 
monius, Hierocles, and many other very learned 
men abounded, both at Alexandria and many 
other parts of the Roman empire. The pupils of 
this lovely and surprising female were not less 
eminent than they were numerous. Amongst 
whom was the much esteemed Synesius, afterward 
bishop of Ptolemais. But it was not Synesius 
only, and the disciples of the Alexandrian School, 
who admired Hypatia for her virtue and learning : 
never was woman more caressed by the public, and 
yet never had woman a more unspotted character. 
She was held as an oracle for her wisdom, for 
which she was consulted by the magistrates on all 
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iinportant cases. In i^ort, when Nieephonte inr 
tended to pasa the highest compliment on the 
princess Eudocia, he thought he conld not do it 
better than hy calling her another Hypatia. 
Whilst Hypatia thus reigned the most brSliant 
ornament of her sex in the annals of historyy she 
was greatly admired by Orestes, the goTemorof 
that dty, who, on account of her wisdom, often 
eonsulted her. This, together with an aversion 
which Cyril had against Orestes, proved the cause 
of her ruin. About 500 monks assembfing, at- 
tacked the governor one day, and would have 
killed him had he not been rescued by the towns- 
men; and the respect which Orestes had for 
Hypatia, causing her to be traduced amongst the 
Christian multitude, they dragged her from h^ 
chair, tore her in pieces, and burnt her limbs. 
This shocking catastrophe was perpetrated in the 
Lent ci the year 416. For a more particular 
account of this illustrious victim of fanaticism, see 
Bossuf s History of the Mathematics, English 
edition, 8vo. 1803. 

At length . we come to Pappus, a consummate 
inathematician, who flourished towards the end of 
the fourth century, in the reign of Theodosius the 
Great : many of his worki^ are lost, or lie in the 
hitherto unexplored recesses of public libraries; 
Suidas mentioned many of them, as also Vossius 
de Sdentiis Mathematicis : amongst which, his 
Mathematical Collections, consisting of eight booM, 
have transmitted his name with dii^tinguished 
lustre to posterity. In them the auth<n: has as- 
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aadooBS, ^ complete serieB of the most useful pro^ 
fotktiME in the sdence. His demonstrations are 
so yery nervous and degant, as not to be equalled 
by anj geometrical miter, ancient or modem ; and 
his method is such that nothing is taken as true 
unless demonstrated; and nothing is demonstrated, 
but fixmi what went before. «In consequence of 
this rigorous system of demonstration, it is re- 
potted that king Ptolemy, once asking Euclid 
whether there was no shorter way of arriving at 
geometry than by these his Elements, is said to 
have answered. There is no other way or royal 
road to Geometry. 

Of the numberless editions of this valuable 
work, the following have met with the most con- 
siderable encouragement for their accuracy and 
superior excellence. 

Campanus translated the whole fifteen books of 
the Elements into Latin, from the Arabic, in 
1482. 

Zambertus translated from Greek into Latin, 
the fifteen books and Data. This edition was 
edited at Paris in the year 1516 ; also at Basil in 
15S7» and 1546. The Data are only in the two 
last editions. 

Candalla edited a Latin translation of the 
fifteen books in 1566. 

Commandine, one of the best geometers of his 
age» translated into Latin the fifteen books from 
the Greek text of the Basil edition. 

The Greek text of the Data of Euclid, with the 
Latin translation of Hardiaeus^ was edited in 1625. 
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A superb edition of all the worict 4if Eudidy vw 
edited in 1703, by Dr. Iterid Chrqgory, ia Gieek 
and Latin, under the ^iie of EwUHifiUB iuper-^ 
sunt omnia* 

Peyrard edited at Paris the fifteen books and 
Data in 1818, which is esteemed the best edition 
as to correctness and purity of text. 

In English, we have Billingsley's, Banow'i, 
Keill'Sy Stone's, Simson's, &c editiiyns, which pos- 
sess great merit, and which do honoui to the talents 
of their respective editors* 



JExplanaiion of Characters used in 

the Work. 

+ is the sign of Addition. 

— Subtraction. 

X Multiplication. 

-f- Division, 

= Equality. 

> sigDifies greater than. 

less than. 

therefore. 
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A superb edition of aU the worict of Eiididy vw 
edited in 1703, by Dr, David Grqgory^ ia €bmk 
and Latin, under the title of Eudidii fiUB n^er^ 
sunt omnia. 

Peyrard edited at Paris the fifteen books and 
Data in 1818, which is esteemed the best edition 
as to correctness and purity of text 

In English, we have Billingdey's, Banow'i, 
Keill'sy Stone's, Simson's, &c editiiyns, which pos- 
sess great merit, and which do honoui to the talents 
of their respective editors* 



Expkmation of Characters used in 

the Work, 

+ is the sign of Addition. 

— Subtraction. 

X Multiplication. 

-f- Division, 

= Equality. 

y^ signifies greater than. 

less than. 

therefore. 
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BOOK I. 



DEFINITIONS. 

LA POINT is that which has no magnitude, or is no 
part of any thing. 

2. A line is lenoi;h without breadth. 
'^ , , , . 

3. The extremities of a line are points. 

. 4. A right line is that which lies evenly between its 
extreme points. 

f- 5. A superficies is that which has only length and 
I breadth. 

6. The extremities of a superficies are lines. 

, ?• A plane superficies is that which lies evenly be- 
tween its lines. 

8. A plane angle is the mutual inclination of two lines 

to one another in the same plane, so touching 
each other as not both to lie in the same right 
line. 

9. When the lines containing the said angle are right 

lines, it is called a rectilineal angle. 

10. When a right line standing on another right line, 

makes the adjacent angles equal to 
one another, each of the equal angles 
is a right angle^ and the right Tine 
standing on the other is called a per- 
pendiciuar. 

11. An obtuse angle is that which is 

greater than a right angle. 



12. An acute angle is that which is less 
than a right angle. 

PART I. B 
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13. A term is the extremity of any thing. 

I 

14. A figure is that which is contained under one or 
( more terms* 

! 15. A circle is a plane figure contained by 
one line, wnich is called the circum- 

: ference, to which all right lines drawn 

from one point within the figure are 
equal to one another. 

'■ 16. And this point is called the centre of the circle. 

17. A diameter of a circle is a certain right line drawn 

through the centre, and terminated both ways by 
the circumference of the circle, and divides the 
I circle into two equal parts. 

18. A semicircle is the figure contained by the diameter, 

and the part of the circumference cut off by the 
diameter.* 

19. Rectilineal figures are those which are contained 

by right lines. 

20. Triangles are such as are contained by three right 

lines. 

t 21. Quadrilateral, by four right lines. 

22. Multilateral figures, or polygons, by more than 

four right lines. 

23. Of trilateral figures, an equilateral triangle 

is that which has three equal sides. 
* 

\ 24. An isosceles triangle is that which has only 
i two equal sides. 

25. A scalene triangle is that which has 

three unequal sides. 

26. Of three sided figures, a ri^t angled 

triangle is that which has a nght angle. 





* The segment of m circle which it defined in this place, I have pur|>os«lT 
omitted, as being of no use, until the third book, where the definition is 
repeated ', instead of this Proclas has ^ven in his Commentaiies the fol- 
lowing. The centre of the temkirele U the same wth that of the eirele ; but as 
this it never used in the Elements, I have thought pieper to reject it like- 
wise. 
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27. An obtuse angled triangle is that which 

has an obtuse angle. 

28. An acute angled triangle is that which 

has three acute angles. 



29. Of four sided figures, a square is that which 

has its sides equal, and its angles right 
angles. 

30. An oblong is that which has its 

angles right angles, but all its 
sides not equal. 





31. A rhombus has its sides equal, but its 

angles not right angles. 

32. A rhomboid has its opposite sides and 

angles equal to one another, but all 
its sides are not equal, nor its angles 
right angles. 

33. All other four sided figures besides these are 

called trapeziums. 

34. Parallel right lines are those which are in the same 

plane, and being infinitely produced either way, 
do not meet one another.* 

POSTULATES. 

1. Grant, thatf a right line may be drawn from any 

one point to any other point. 

2. That a finite right line may be produced directly 

forwards. 

3. That a circle may be described with any distance 

and from any centre. 

4. That all right angles are equal to one another.f 

6. That if a right line falling on two right lines make 
the interior angles at the same parts less than two 
right angles ; these right lines being continually 
produced shall meet on that side where the 
angles are less than two ri^ht angles. 

6. That two right lines cannot inclose a space. 

* Newton in lemma f^, book 1, of his Principia^ says, that parallels 
are sach Une> as tend to a point infinitely distant 

t For a demonstration of this, see Legendre^s Geometry, proposition 1, 
book 1. 

b2 
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AXIOMS. 

1. Things which are equal to the same are equal to 

one another. 

2. If equals' be added to equals, the wholes are equal. 

3. If equals be taken from equals, the remainders are 

equal. 

4. If equals be added to unequals, the wholes are 

unequal. 

6. If equals be taken from uncquals, the remainders 
are unequal. 

6. Things which are double of the same, are equal to 

one another, 

7. Things which are halves of the same, are equal to 

one another. 

8. Things which mutuaUy agree with one another, are 

equal to one another. 

0. The whole is greater than its part. 



1 V 
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• Post. 5. 



PROPOSITION I. 
Problem. 

Upon a given Jinite right line to describe dn equilateral 
triangle 

Let AB be the given finite right line ; it is required 
upon AB to descnbe an equilateral triangle. From the 
centre a with the distance ab de- 
scribe the circle bcd:* and agstin ^^— -5-— ^ 
from the centre b, with the dis- //^\^\ 
tanceBA, describe the circle ace, jJ ^^^^3 W 
and from the point c in which the \ V / / 
circles cut one another, draw the \_!!^>C«.^ 
right lines ^ ca, cb, to the points a, b. 
Therefore because a is the centre of the circle dbc, 
AC will be equal ^ to ab. Asain, because b is the centre « Def.iS. 
of the circle cae, bc will be equal to ba : but it has 
been shown that ca is equal to ab : therefore ca, cb, are 
each of thesis equal to ab. And things which are equal 
to the same are equal to one another. Whence ca is 
equal to cb ; wherefore the three, ca, ab, bc, are equal 
to one another; and, consequently, the triangle abc is 
equilateral, and it is descnbed upon the given finite 
right line ab. q. e. f. 



fc Post. 1. 



PROPOSITION II. 



Problem. 

From a siven point to draw a right line equal to a 
given right line. 

Let A be the given point, and bc the given right line : 
it is required to draw from the point a a right line equal 
to the given .right line bc 
Draw the right line ac from the 
point A to c, and upon it describe 
the equilateral triangle dac,^ and 
produce** the right lines da, dc, 
to e and f, and with centre 
c, and distance bc, describe the 
circle bgh.^ Again, with centre d, and distance dg, c Post.3. 
describe the circle gkl : therefore because the point c 
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is the centre of the circle bgh^ bc will be equal to 

* DeC 15. cOr^ Again^ because d is the centre of the circles okl, 

DL will be equal to dg and da dc parts of them are 
equal : therefore the remainder al is equal to the re- 
mainder C6. But it has been shown that bc is equal 

* Ax. 3. to CO/ Wherefore each of them, al^ bc, is equal to co. 

And things which are equal to the same thing are eoual 
to one another. Whence al is equal to bc. Therefore 
from a given point, al hcus been drawni &c. q. s. f. * 

PROPOSITION III. 
Problem. 

Two unequcU right lines being ^ven, to cut off from the 
greater a part equal to the less. 

Let AB and c be two unequal given right lines of 
which AB is the greater : it is required to cut off from 
the greater, ab, a right line equal to 
c^ the less. Draw from the pomt a a 

* «. 1. right line, ad, equal to c ; ■ and from 

the centre, a, with the distance ad, 

* Post. s. describe the circle def.^ And because 

▲ is the centre of the circle dsf, ad 
will be equal to ae. But ad is also 
equal to c. Therefore each of them, ae, c, will be equal 

* Ax. 1. to ad. Wherefore ae is also equal to c.*^ Therefore 

two unequal right lines being given, &c.t Q* b. f. 

PROPOSITION IV. 

Theobem. 

^ twa triangles have two sides equal to two sideSf each 
to each ; and nave also one angle equal to one angle, viz. 
that which is contained by the equal right lines : tnen shall 
the base of the one be equal to trie base of the other ; and 

* This propositicm may be divided into a variety of cases according to 
the different positions of the point a, »ltfaough the construction and demon* 
stration ^rill, in every respect, be the same. Proclos remarks that soine 
performed it by talcing the line al with a pair of compasses } but he by no 
means approved of the method, as those who thus reason, he says, b^ 
in the very beginning. 

t Some persons perform thb proposition by taking the less line in the 
compasses, and with one teg in either extremity of the greater, cutting off 
with the other leg the part required : this, though correct in its operation, 
is certainly not geometrical, and would come rather under the class of 
postiilatety than a demonstrable profMMition. 
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one triangle equal to the other triangle ; edso the rematn- 
, ing angles of the one shall be equal to the remaining 
angles of the other ^ each to each^ which are opposite to the 
equal siaes. 

Let there be two triangles, abc, def, which have the 
two sides ab, ac, equal to the two sides de, df, each to 
each ; namely, the side ab equal to the side de, and 
the side ac equal to df; also the angle bac equal to 
the angle edf. Then is the base 
BC equal to the base ef, and the 
triangle abc equal to the triangle 
def; also the remaining angles 
equal to the remaining angles, 
each to each, to which the equal 
sides are opposite ; namely, the au^le abc to the angle 
DEF ; and the angle acb to the an^e dfe. 

For if the triangle abc be applied to the triangle 
DEF, and the point a be put upon the point d, and tne 
right line ab upon the right line de, then shall the 
point B coincide with the point s, because ab is equal 
to de. But AB coinciding with de ; the right line ac 
shall also coincide with the right line df, since the 
angle bac is equal to the angle edf. Wherefore c will 
also coincide with f : for the right line ac is equal to 
the right line df ; but the point b coincides with the 
point E* Therefore the base bc will also coincide with 
the base ef. Because if the point b coinciding with 
the point e, and c with f ; the base bc does not coin- 
cide with the base ef; two right lines would inclose a 
space : which is impossible.* Whence the base bc • Ax. lo. 
coincides with the base ef, and also equal to it. There- 
fore the whole triangle abc will coincide with the whole 
triangle def, and will be equal to it ; also the remain- 
ing angles will coincide with the remaining angles, and 
equal to them,^ viz., the angle abc to the angle def, •» Ax. 8. 
and the angle acb to the angle dfe. Therefore, if two 
triangles have two sides oi the one equal to two sides 
of the other. Sec. q. b. d. 
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PROPOSITION V. 

Theorem.* 

The angles which are at the base of isosceles triangles 
are equal to one another ; and the eqiial right lines being 
produced, the angles under the base shall be equal to one 
anotlier. 

Let ABC be an isosceles triangle, having the side ab 
equal to the side ac, and produce the nght lines ab, 
AC, directly forward to d, e. Then is the 
angle abc equal to the angle acb, and 
the angle cbd to the angle bce. For take 
in the Tine bd any point f : and from the 
greater ae cut on ao equal to af the less : 
also join fc, gb. Therefore, because af 
is equal to ao ; and ab to Ac ; the two 
FA, AC, are eqnal to the two ga, ab, each 
to each ; and contain the common angle fag. There* 
• 4.1. fore t he baoo gc ia equa l * to the base-GB,--and the tri- 
angle AFC^equal to the triangle agb^; also the remain- 
ing angles shall be equal to the remaining angles, each 
to each, viz., the angle acf equal to the angle abg ; 
also the angle afc to the an^le agb. And because the 
whole AF is equal to the whole ag ; of which the parts ab, 
AC, are e(][ual ; the remaining part bf will alsb be equal to 
the remaining part cg. But it has been proved that fc 
is equal to gb. Thdtefore the two bf, fc, are equal to 
the two cg, GB9 each to each ; and the angle bfc equal 
to the angle cgb : also their base bc is common. 
Whence the triangle bfc is equal to the triangle cgb ; 
and the remaining angles equal to the remaining angles, 
each to each, to which the equal sides are opposite. 
Therefore the angle fbc is equal to the angle gcb ; and 
the angle bcf to the angle cbg. Wherefore, because the 
whole angle abg has been proved to be equal to the 

* This theorem was discovered by Tbales, for he is first said to have 
perc^ved and proved* that the angles at the base of every isosceles 
triangle are equal, and, after the manner of the ancients, to have called 
them similar. The latter part of it is not at all necessary in demonstrating 
the former; and it is anirmed by some geometers, amongst whom is 
Scarborough, that it is not Euclid's, but added by some one else ; however 
this may be, the angles opposite the equal sides may be demonstrated 
without proving the equslity of the angles under the base, as is evident by 
the very elegant and concise demonstration of Pappus, and indeed by 
many otliers. 
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whole angle acf, of which the angjie csa is equal the 

angle bcf; the remaining angle abc^ will be equal to b Ax. s. 

the remaining angle acb : and they are at the base of 

the triangle abc. But it has also been proved, that the 

angle fbc is equal to the angle gcb, which are under 

the base. Therefore the angles which are at the base 

of isosceles triangles are equal to one another; and 

the equal right lines being produced, the angles imder 

the base shall be equal to one another, q.e. d. 

Corollary. 
Hence every equilateral triangle is also equiangular. 

PROPOSITION VI. 

Theorem. 

If two angles of a triangle be equal to one another, 
the sides subtending the equal angles shall be equal to one 
another. 

Let ABC be a triangle, having the angle abc equal to 
the angle acb. Then is the side ab equal to the side 
AC. For if ab be unequal to ac, one of them 
is greater. Let ab be the greater ; and from a« 

the greater ab take away db equal* to ac the IJi(\ • 3, j. 
less; and join bc. Therefore because db 
is equal to ac ; and bc common, the two db, 
bc, will be equal to the two ac, cb, each to ^ 
each ; and the angle dbc equal to the angle ' ^ 
ACB (by hypoth.). Whence tbe- li^seoxxiai «qu€il\to ^ 4. 1. 
to ibaJd%3e As^iand the triangle dbc equal to the triangle 
ACB, the less to the greater, which is absurd. Therefore 
the sides ab, . ac, are not unequal. Whence they are 
equal. Wherefore if two angles of a triangle be equal 
to one another, &o. q. e. d. 

Corollary. 
Hence every equiangular triangle is also equilateral. 

PROPOSITION VII. 

Theorem. 

On the same right line cannot be constituted two right 
lines equal to tiuo other right lines, each to each, drawn to 




k 5.1. 
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d^&nm pciniSf to the $ame parts^ and having the Mme 
extremes unth the turn right lines first drawn. 

For if it be possible, let the two right lines ao, bb, 
be constituted upon the right line ab equal to two right 
lines AC, cb, each to each, drawn to different point^ c 
and D, situated on the same side of the line ab, the lines 
AD, DB, haying the same ends a, b, with the two first lines 
AC, CB ; so that c a be equal to da, both having the same 
end A ; and cB be equal to db, both having the same end 
b: for join the right line cd. Therefore 
because ac is equal to ad, the angle acd q ^ 
• 5. 1, will be equal to the angle adc* Whence 
the angle adc is greater than the angle 
BCD. Wherefore the angle bdc will do 
much greater than the angle bcd. Again, 
because cb is equal to db, the angle bdc 
will be equal to the angle bcd. But it 
has been shown to be much greater, which is impose 
sible. Therefore on the same right line cannot be 
constituted two right lines, 8cc. q. e. d. 

Scholium. 

If D, one of the points c, d, be within the triangle 
ACB, a demonstration may be obtained by 
means of the latter part of the fifth propo- 
sition. For AC, AD, being drawn, the ex- 
ternal angles bcd, fdc, which are under 
the base of the isosceles triangle acd, will 
be equal to one another;^ therefore the 
angle bdc will be greater than the angle ^ 
£CD ; whence the angle boc will be much 
greater than the angle bcd; but because bd, bc, are 
equal, the angle bdc will be equal ^ to the angle bco, a 
greater to a less, which is impossible. 

But if the point d be taken m either of them, ac, bc, 
the proposition is manifest ; for so the whole ac would 
be equsd to itjs part ad, or the whole bc equal to its part 
BD, which is impossible. 

Dr. Simson, in his note to this proposition, says, he has thought proper to 
change its enunciation, " because (he adds) the literal translation from the 
Greek is extremely harsh, ai^d difficult to be understood by beginners." 
Whatever difficulty learners may experience in this proposition, considered 
abstractedly, is easily removed by its exposition in the figure ; and therefore 
it appears to me, that Or. Simson has acted very injudiciously in altering iu 
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PROPOSITION VIII. 

Theor£M. 

If two triangles have two sides equal to two sidesj each 
to each, and have their bases equal ; the angle also, which 
is contained by the equal sides of the ome triangle, shall 
be equal to tJie angle contained by the equal $i£s of the 
other. 

Let there be two triangles abc, bxf, which have two 
sides AB, AC, equal to two sides de, df, each to each^ 
viz. AB equal to de, and ac to df ; and they hare the 
base BC equal to the base kf. 
Then is the angle bag equal to 
the angle edf. For the tri- 
angle ABC being applied to the 
triangle dbf, and the point b 
being put on £ ; also the right 
line BC being applied to ef, 
the point c will coincide with 

the point f, because bc is equal to ef. Therefore bc 
coinciding with bf ; ba, ac, will also coincide with ed, 
BF ; for if the base bc coincide with the base ef ; and 
the sides ba, ac, do not coincide with the sides bd, df, 
but have a different situation, as eg, gf ; then, on the 
same right line would be constituted two right lines 
equal to two other right lines, each to each, drawn to 
different points, to the same parts, and having the same 
extremes with the two right lines first drawn. But they 
cannot be so constituted as has been demonstrated.*^ • 7. 1. 
Therefore if the base bc coincide with the base ef, the 
sides BA, AC, cannot but coincide with the sides ed, df. 
Wherefore the angle bac will also coincide with the 
angle edf, and be equal to it. Therefore if two triangles 
have two sides equal to two sides, &c. q. e. d. 

Deduction from Euclid. 

In an isosceles triangle, the right line drawn from the 
vertical angle bisecting the base is at right angles to 
the base* 



• 

* 1.1. 
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Proclot hM given a direct demonstratioii of this theorem, and is translated 
by Stone into his edition of the Elements, page 15. It is the converse of 
the fourth, although Eoclid has not added so much as in that, theorem, ria^ 
that the triangla and remaimng angles are equal ; the reason is manifest, for the 
equality of the vertical angles being demonstrated, it follows, that all are 
equal to all by the fourth. Whence it was only necessary to demonstrate 
this, and assume the rest as consequents. 

PROPOSITION IX. 

Problem. 

To bisect a given rectilineal angle, that is, to divide it 
into two equal parts. 

Let BAC be the given rectilineal angle ; it is required to 
bisect it. Take any point d in 
the right line ab, ana from the 
3. 1. line AC take a£ equal^ to ad, and 
Dsbein^ joined; upon it^describe 
the equilateral triangle dbp^ and 
join af. The angle bag is bi- 
sected by the right line af. For 
because ad is equal to ab^ and af 
common: the two da, af, are 
equal to the two ea^ af, each to 
each ; and the base df is equal 
< 8. 1. to the base bf: therefore the angle ^ daf is equal to the 
ansle baf. Wherefore the given rectilineal angle bag 
is bisected by the right line af. q« ^« ^« 

Deduction. 

Divide a given rectilineal angle into any even number 
of equal parts. 

PROPOSITION X. 

Problem.* 

To bisect a given Jinite right line, that is, to divide it, 
into two equal parts. 

Let ab be the given finite right 

line ; it is required to bisect it. Upon 
• 1.1. it^ describe the equilateral triangle 
(> 9. 1. ABC ; and bisect the an^le^ acb by the 

right line cd. The right line ab is 

bisected in the point d. For because 

AC is equal to cb, and cd common ; the 

two AG, CD, are equal to the two bg, 

* A gWen finite right line ma^ also be bisected by means of the construc- 
tion to the first prupusition of this book, and joining the common sections of 
the circles. 
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csD, each to each ; and the angle acd is equal to the 
angle bcd : therefore the base ad is eqj^ual^ to the base * 4. i. 
BD. And consecjuently the finite nght line ab is 
bisected in the point n. g* ^ *** 

Deduction, 

From the vertex of a given scalene triangle, to 
draw, to the base, a straight line which shall exceed 
the less of the two sides, as much as it is itself ex- 
ceeded by the greater. 

PROPOSITION XI. 

Problbm. 

To a given right line, from a given point in it ; ta 
draw a right line at right angles to the former. 

Let AB be the given right line, and c a given point in 
it, it is required to draw from 
the point c a right line at right 
aiijgles to AB. Take any pomt 
D m AC, and make c£ equal to 

CD,* and upon de descnoe the / \ • 3, i. 

equilateral triangle fdb,^ and / I \ ' »» i, i, 

jom Fc. The right line fc is a d c k b 
drawn at right angles to the 

fiven right line ab from the point c given in it. For 
ecause dc is equal to C£, and fc common ; the two nc, 
CF, will be equal to the two ec, cf, each to each ; and 
the base df is equal to the base ef ; wherefore the angle 
DCT is equal to the angle ecf, and they are adjacent 
angles, nut when a right line standing upon a right 
line makes the adjacent angles equal to one another, 
each of them is a right angle : therefore each of the 
angles dcf, bcf, is a nght angle. Wherefore the ri^ht 
line Fc is drawn at right angles to the given right Ime 
AB, from the point c given in it. f2« ^* **• 

Deductions. 

1. Describe a circle which shall pass through three 
given points which are not in the same right line. 

2. in a right line given in position, but indefinite in 
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len^, to find a point, which shall be equidistant from 
each of two giYen points, either on contrary sides, or 
both on the same side of the gi?en line, and in the 
same plane with it ; but not situated in a perpendicular 
to it. 

PROPOSITION XII* 

Probubm. 

Upon a ^ven infinite right line from a ^ven jpoint 
which is without it: to draw a perpendicular right line. 

Let AB be the ^ven infinite right line, and c a given 
point which is without it, it is re- 
quired to draw upon the given c 
infinite right line ab a perpendi- 
cular from the given point c, which 
is without it. Take any point d 
upon the other side of ab, and 
from the centre c at the distance 
CD describe the circle bdg; and 

« 10. 1. bisect 6£ in h;^ and join co, ch, cb. The perpendi« 
cular cH is drawn upon the given infinite right line ab 
from the point c, which is wiwout it 

For because GHis equal to he, and HC common, tha 
two GH, HC, are equal to the two bh, hc, each to each ; 
and the base co is equal to the base CE. Therefore the 

■» 8. 1. angle chg is equal to the angle che,** and they are adja^ 
cent angles. But when a right line standing upon 
another right line makes the adjacent angles equal to 
one another, each of them is a right angle, and the 
right line standing upon the other is called a perpendi- 

«io.Def.i. cmar;*^ wherefore upon a given infinite right line ab, 
from the given point c, which is without it, ch has been 
drawn perpendicular, q. e. f. 

Deduction. 

Given the vertex of a triangle, the porpendioukr 
from the vertex to the base and also the base, to con- 
struct the triangle. 

• Eocfid did well m propoiuig aa iafinlle rigbt line, for otherwise Ifae ^en 
point mi^dU be sitgalea in a direct pesiUoa with the gpven line« aad cow 
qiie«tly tw probUm would not succeed. 



• Def. 10. 
»• 11. 1. 



B 



Proiw 13, 14.]. EUCUD^ EUSMBITTS. 15 

PROPOSITION XIIL 

Thborem. 

When a right line standing upon a right line makes 
angles, these are either tiuo right angles^ or are equal to 
two right angles. 

For let a certain right line ab standing upon the right 
line CD make the angles gba, abd. The angles cjpla, 
ABD, are either two right angles,, 
or are equal to two right angles. 
For if CBA be equal to abd, they 
are right angles \^ but if less, 
draw nomthe point b,bb at right 
angles to dc ;^ the angles cbe, 
dbe, are therefore two right x) 
angles; and because cbb is 
equal to the two cba, abe, a,dd 

£BD, which is common ; therefore the two angles cbe, 
xbd, are equal to the three angles gba, abb, ebd.^ * A^- <• 
Again, because the angle dba is equal to the two ikbe, 
SBA, and ABC, which is common; therefore the two 
angles dba, abc, are equal to the diree dbe, eba^ abc. 
But it was shown tl^t the angles cbb, bbd, are equal to 
the same three, and things which are equsd to the same 
are equal to one another; therefore the angles cbe, ebd,, 
are equal to dba, abc; but cbe, bbd, are two right 
angles ; therefore the angles dba, abc, are equal to two 
right angles. Therefore when a right line standing upon 
a right lme,&c. q. e. d. 

PROPOSITION XIV. 
Thborbm. 

If to a certain right line, and to a point in it^ two right 
lines not placed towards the same parts, make the adjacent 
angles equal to two right angles ; the right lines will be 
in one and the same straight line. 

For to a certain right line ab, 
and to a point in it b, let there 
be two right lines bc, bd, not 
placed toward the same parts, 
make the adjacent angles abc, 
ABD, equal to two right angles. 
Then tne line bd is in the same 
straight .line with cb ; for if bd is . 
not m the same straight line 
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with CB, let BE be in the same straight line with it. 
Therefore, because the right line ab stands upon the 
right line cbe, the angles abc, abb, are equal to two 

• IS. 1. right angles.^ But also the angles abc, abd^ are equal to 
two right angles. Therefore the angles cba, abe, will 
be equal to the angles cba, abd. Take away abc, com- 
mon to both. Therefore the remaining angle abe is 

^ Ax. 3. equal to the remaining angle abd,*^ the less to the 
greater, which is impossible. Therefore eb will not be 
m the same straight line with bc. In like manner we 
may show, that not any other can be except bd. There- 
fore bd will be in a nght line with bc. If therefore 
to a certain right line, &c. q. b. d. 

PROPOSITION XV. 

Theobbm.* 

tf two right lines cut one another, they will make the 
vertical angles equal to one another. 

For let the two right lines ab, cd, cut one another in 
the point e. Then the angle abc is equal to the angle 
DEB ; and the angle cbb equal to the angle aed. For 
because the right line ae 
standing upon the right 
line CD makes the angles 
cba, aed; these will be 
equal^ to two right angles. 
Again, because the right 
line BE standing upon the right line ab makes the angles 
ABD, DEB ; the angles akd, deb, will be equal to two 
right angles. But it was shown that the angles cea, 
AED, are equal to two right angles. Therefore the angles 
CBA, AED, are equal to we angles aed, deb. Take away 
the common angle abd. Therefore the remaining an^e 
*» Ax.s. cea is equal^ to the remaining angle bed. In like 
manner it may be shown that the angles cbb^ aed, are 
equal. If therefore two right lines cut one another, 8cc. 

Q. E. D. 

* This proposition was discovered by Thales, according to the account 
given by Eademus ; and the corollaries ought, I think, to be rather placed 
after the thirteenth, as they are the natural consequences of that theorem, 
upon whiofa the demonstratiou of the fifteenth entirely depends. 



• 13.1. 
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Corollaries. 

1. From this it is manifest, if two right lines cut one 
another, they make the angles at the point of section 
equal to four right angles. 

2. All the angles placed around one point are equal 
to four right angles. 

PROPOSITION XVI. 

Theorem. 

One side of any triangle bein^ produced^ the exterior 
angle is greater tnan either of the interior and opposite 
angles. 

Let ABC be a triangle, and let one of its sides bc be 
produced to d. The exterior angle acd is greater than 
either of the interior and opposite angles ; namely, the 
angles cba and bac. Bisect ac in e, and be being 
joined, produce it to f, and make ef eaual to be ; join 
also FC, and produce ac to g. Therefore because ak 
is equal to Ec,and be to ef, the two ae, eb, are equal 
to the two CE, ef, each to each; and 
the angle aeb is equal* to the angle a: J^ • i5. i. 

FEc, for they are vertically opposite. / 3ctw^ 
Therefore the base ab is equaP to the „,^_\2£_t* ^ ^" ^* 
base Fc ; and the triangle aeb to the 
triangle fec ; also the remaining angles 
to the remaining angles each to each, 
to which the equal sides are opposite. 
Therefore the angle bae is equal to the anele ecf. But 
the angle acd is greater than ecf. Therefore the angle 
ACD is greater than the angle bae. In like manner it 
may be shown, the right une bc being bisected, that 
the angle bcg, that is, acd, is greater than the angle 
ABC Therefore one side of a triangle being produced, 

&C Q. £• D. 

PROPOSITION XVII. 

Theorem. 

Two angles of every triangle, liowsoever taken, are less 
than two right angles, . 

Let ABC be a triangle. Two angles of the triangle 
ABC, howsoever taken, are less than two right angles. 
Produce bc to d ; and because the exterior angle acd 

PART I. c 
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• 16. u of the triangle acb is greater* than 

the interior and opposite angle abc; 
add ACB, which is common. There- 
fore the angles acd, acb, are greater 
than the angles abc, acb. But acd, ^ / \ p 

*• 13. 1. ACB, are equal** to two right angles, ^ 

whence abc, bca, are less than two right angles. In 
like manner, we may demonstrate also that the angles 
BAC, ACB, and also cab, abc, are less than two nght 
angles. Therefore two angles of every triangle, &c, 

Q. £• D. 

PROPOSITION XVIIL 

Theorem. 

The greater side of every triangle subtends the greater 
angle. 

Let abc be a triangle having the side ac greater than 
the side ab. The angle abc is greater 
than the angle bca. For because ac is 
greater than ab> make ad equal to ab, 
and join bd. And because adb is the 
exterior an^le, it will be greater than the 

• 16. 1. interior and opposite angle dcb.* But 
k 5.1. ADB is equal to abd,^ because the side 

ab is equal to the side ad; therefore the angle abd is 
greater than the angle acb. Wherefore abc will bd 
much greater than acb. Therefore the greater side of 
every triangle, &c. q. s. d. 

PROPOSITION XIX. 

Theorem. 

Tlte greater angle of every triangle subtends the greaief 
side. 

Let ABC be a triangle having the angle abc greater 
than the angle bca. The side ac is greater than the 
side AB. For if ac is not greater, it is 
either equal to it or less; but it is not 
equal; for then the angle abc would be 

■ 5. 1. equal to the angle acb ;* but it is not. 
Therefore ac is not equal to ab. But 
neither is it less ; for then the angle abc 

i> 18. 1. would be less than the angle acb,** but it is not. There- 
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fore AC is not less than ab« And it was shown that it 
is not equal. Whence Ac is greater than ab. There- 
fore the greater angle^ &c. q. e. d. 

Deduction. 

If from a given point there be drawn any number 
of right lines to another right line given in position, 
the perpendicular is the shortest right line, and that 
which is nearer to the perpendicular is less than that 
which is more remote, and there can only be drawn 
two right lines which are equal to one another^ one on 
each side of the perpendicular* 

PROPOSITION XX. 
Theorem. 

Two sides of every triangle^ howsoever takeh^ are greater 
than the third ^de. 

« 

For let AB c be a triangle, any two sides of the triangle 
ABC, howsoever taken, are greater than the third side ; 
viz* the sides ba, ac, are greater than the side bc ; die 
sides AB, Bc, greater than ac ; and the 
sides Bc, CA, are greater than ab. For JP 

produce b a to the point d, and make c a / \ 

equal to ad,* and join dc. Therefore a/ \ ■ 3. i. 
because da is equal to ac, the angle adc >/ ^v \ 

will be equal to the angle acd.^ iBut the ^ -^ ** ^*^' 

angle bcd is greater than the angle acd ; 
therefore the angle bcd is greater than the angle adc 
And because dcb is a triangle having the angle bcd 
greater than the angle bdc, and the greater side sub- 
tends the greater angle ;^ the side db wiU be greater* 19. i. 
than the side bc ; liut db is equal to ba, ac ; where- 
fore the sides ba, ac, will also be greater than bc. In 
like manner we may show that the sides ab^ bc, are 

freater than ac ; and the sides bc, ca, greater than ab. 
herefore two sides of every triangle, &c. 

Deductions. 

1. The difference of any two sides of a triangle is less 
than the third side. 

2. Two sides of a triangle are together greater than 
twice the line from the vertex bisectmg the base. 

c 2 




20 EUCLID'S ELEMENTS^ [Book U 

PROPOSITION XXL 

Theorem. 

If from tlie ends of one side of a triangle two right lines 
he drawn within it, these ivill be less than the other two sides 
of the trianglCf but will contain a greater angle. 

For from the ends bc in one of the sides bc of the 
triangle abc, let two right lines bd, dc^ be drawn 
within it. The sides bd, dc, are less than the two- 
sides BA, AC, of the triangle, but contain the angle bdc 
freater than the ancrle bac. Produce bd to e; and 
ecause two sides of every triangle are 

■ fo. 1. greater than the third side,* the two 
sides BA, AE, of the triangle abe, are 
greater than be. Add eg, which is 
common. Therefore ba, ac, are greater 

^ Ax. 4. than BE, EC.** Again, because ce, ed, 

two sides of the triangle ced, are greater than cd, add 
* BB, which is common : wherefore ce, eb, are greater 
than CD, DB. But it has been shown that ba, ac, ar6 
greater than be, ec ; much more then are b a, ac, greater 
than BD, DC. Again, because the exterior angle of 
every triangle is greater than the interior and opposite 

« 16.1. angle,*^ the exterior angle bdc of the triangle cde will 
be greater than the interior and opposite angle ced. 
Eor the same reason, the exterior angle ceb of the 
triangle abc is greater than bac. But the angle bdc 
was shown to be greater than -the angle ceb ; much 
more then will the angle bdc be greater than the angle 
BAC Wherefore if from the ends, &c. q. e. d. 

PROPOSITION XXII. 
Problem. 

To woke a triangle of three right lirfes ivhich shall he 

equal to three given right lines, Bttt any two of these 

lines f hoivsoever taken, will be greatei' than the third-; 

, because any two sides of a triangle, howsoever taken, are 

greater than the third side. 

Let A, B, c, be three given right lines, two of which, 
howsoever taken, are greater than the third, viz. a, b', 
greater than c; a, c, greater than B;atid b, c, greater thau 
A. It is required to make a triangle whose three right 
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lines are eq^ual to three 
given right hnes a, b, c. 
Take any right hne de 
terminated at d, but unli- 
mited towards e, and make ^ 
DF equal to a** ; fg equal to 
B, and GH equal to c^and 
from the centre f at the 

distance fd, describe the ^ 

circle dkl;^ and again ^ ^3 Post 

from the centre g at the 

distance gh describe another circle klh, and join kp, 

KG. The triangle kfg is made, whose three right lines 

are equal to a,.b, c. For because f is the centre of the 

circle dkl, fd will be. equal to fk ;*^ but fd is equal « Def. is, 

to A ; therefore fk is also equal to a. Again, because 

the point g isthe centre of the circle lku, gh will be 

equal to gk, but gh is equal to c ; therefore gk will be 

equal to c. And fg is equal to b. Therefore the three 

•right lines kf, fg, gk, are equal to the three a, b, c. 

Therefore the triangle kfg has been made whose three 

sides KF, fg, gh, are equal to the three right lines 

A, b, c. q. e. f. 

Deduction, 

It is required to construct a rectilineal figure of any 
number of sides, having given the length of each side of 
all the triangles into which the figure is divided. 

PROPOSITION XXIII. 

Problem,* 

To a given right line, and to a given point in it^ to make 
a rectilineal angle equal to a given rectilineal angle. 

Let AB be the given right line, and a the given point 
in it ; also dce the given rectilineal angle. It is required 
therefore to the given right line ab, and to the point a 
in it, to make a rectilineal angle equal to the given rec- 
tilineal angle dce. Take in each of them cd, ce, the 

* ApoUonius has given a more simple and easy solution of this Problem; 
but as tlie demonstration of that method requires the as»istauce of Prop. 27, 
Book 3, Euclid could not introduce it into this place ; since a well con- 
nected chain of consequences, and an uniform assumption of principles, pre- 
viously demonstrated, were the main objects of Euclid's plan, and which, I 
thiiikt QOQsiitute the beauty and superioiity of his Elcmenis. 



«• 8.1. 



« 4.1. 
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.points DE ; join de^ and make the 
triangle afg whose three right lines 
are equal to the three right lines cd, 

• 22.1/ DE, Ec.» So that AF l)e equal to 

CD, Ao to CE, and fg to de. Th^e- 
fore because the two dc, ce, are 
equal to the two fa, ag, each to 
each, and the base de equal to the base fg, the angle 
DCE will be equal to the angle fag.^ Therefore to a 
given right line ab, and to a point in it, a rectilineal 
angle has been placed equal to the given rectilineal 
angle dce. q. e. f. 

PROPOSITION XXIV. 

Theorem.* 

If two triangles have two sides equal to two sides, each 
to each, but the angle contained by the equal sides of the 
one greater than the angle contained by the equal sides of 
the otlwr; then shall the base of that umich has the greater 
angle be greater than the base of the other. 

Let ABC, DEF, be two triangles, which have the two 
sides AB, AC, equal to the two sides de, df, each to 
each, viz. the side ab equal to the side de, and the side 
AC equal to df. But the angle bag greater than the 
angle e d f. The base b c will 
be greater than the base ef. ^ 
For because the angle bag is 
greater than the angle edf ; 
to the ri^htline de and to the 
point D m it, make the angle 

• 23. 1, EDG equal to bag ;* also put jf 

DC equal to either ac, or 
^ 3. 1. df,** and join ge, fg. Therefore because ab is equal 
to DE, and AC to dg ; the two ba, ac, are equal to the 
two ED^ DG, each to each ; and the angle bag is equal 
to the angle edg ; therefore the base bc is equal to the 
base eg.^ Again, because dg is equal to df, the angle 

• 5. 1. DFG is equal to the angle dgf;^ therefore the angle 

DFG will be greater than the angle eg f, much more will 
the angle efg be greater than the angle egf. And 

* The student is not to conclude from hence that the area of that triangle 
iwbicfa has the greater base is greater than the area of the other, for it can 
be clearly proved, by means of some IbUowing propositions^ that its aiM 
may be either equal to the other triaoglei or less than it. 
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because efg is a triangle having the angle efg greater 
than the angle egf, also die greater side subtends the 
greater angle/ the side bg wiube greater than the side * ^^- ^* 
£F. But the side eg is ^qual to the side bc. There* • 
fore BC will also be greater than ef. If therefore two 
triangles have two sides, 8cc. Q. s. d. 

PROPOSITION XXV. 

Theorem,* 

If two triangles have two sides equal to two sides each to 
each; but the base of the one greater than the base of the 
other; then shall the angle contained by the equal sides of 
the one be greater tlian the angle which is contained by tne 
equal sides of the other. 

Let ABC, def, be two triangles, which have the two 
sides AB, AC, equal to the two sides 
BE, DF, each to each, viz. the side 
AB equal to the side de, and the side 
AC to the side df. But the base bc 
greater than the base e f. The angle 
BAc is greater than the angle edf. 
For if it De not greater, it is either equal or less. But 
the angle bag is not equal to the angle edf ; for then 
the base bc Would be equal to the base ef,* But it is 
not. The angle bac is not therefore equal to the angle 
edf. But neither is it less; for theti the base bc 
would also be less than the base ef.^ But it is not. ^ 24. i. 
Therefore the angle bac is not less than the angle edf. 
And it was shown that it is not equal. Therefore the 
angle bac is greater than edf. If therefore two tri- 
angles, &c. Q. E. D. 

PROPOSITION XXVI. 

Theorem. 

If two triangles have two angles equal to two angles^ 
each to eaclij and one side equal to one side, either the side 
which is adjacent to t/ie equal angles, or the side which 
subtends one of ^the equal angles, they wilt have the remain- 
ing sides equal to the remaining sides each to each, and the 
remaining angle to the remaining angle. 

Let ABC, DBF, be two triangles, which have the two 
angles abc, bca, equal to the two angles def, efd, 

* Direct demonstrations of this are given by Menelaus, ^lexindrinus, 
and Hero. 



• 4.1. 



• 4. 1. 
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each to eacb, viz. the angle 
ABC equal to the angle oef, 
and the angle bca eaual to the 
*" angle efd. Let tnem also 
have one side equal to one side, 

and first that which is adjacent, ^ jW^ 

to the equal angles, viz. the 
side Bc to the side ef. They will also have tlie remain* 
ing sides equal to the remaining sides, each to each, viz. 
the side ab to the side de, and the side ac to df, and 
the remaining an^le bag equal to the remaining angle 
EDF. For itAB IS unequal to de, one of them is uie 
greater. Let ab be the greater, and make gb equal to 
de; and join gc. Therefore because bg is eaual to 
DE, and BC to ef ; the two gb, bc, are equal to tne two 
DE, EF, each to each ; and the angle gbc is equal to 
the angle def. Therefore the base gc is equal to the 
base DF,^ and the triangle gbc to the triangle def ; 
also the remaining angles equal to the remaining angles, 
each to each, to which the equal sides are opposite. 
Therefore the angle gcb is equal to the angle dfe ; but 
the angle dfe is equal to the angle bca ; wherefore 
also the angle bcg is equal to the angle bca, the less 
to the greater; which is impossible. Therefore ab is 
not unequal to de ; that is, it is equal to it. But bc is 
equal to ef. Therefore the two ab, bc, are equal to 
the two DE, EF, each to each, and the angle abc is 
equal to the angle def. Therefore the base ac is equal 
to the base df, and the remaining angle bag is equal 
to the remaining angle edf; but let the sides, which 
subtend the equal angles, be equal to one another, as 
ab to DE. Then again the remaining sides are equal 
to the remaining sides; viz. ac is equal to df, also bc 
to £f ; and, as before, the remaining angle bag is 
equal to the remaining an^le edf. For if bg be 
unequal to ef, one of them is the greater. Let bg be 
the greater, if it be possible, and make bh equal to ef, 
and join ah. Wherefore because bh is equal to ef, 
and ab to DE ; the two ab, bh, are equal to the two 
DE, ef, each to each, and they contain equal angles ; 
therefore the base ah is equal to the base df ; and the 
triangle abh to the triangle dfe ; also the remaining 
angles will be equal to the remaining angles, each to 
each, to which the equal sides are opposite. Tlierefore 
the angle bha is equal to the angle efd. But efd is 
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• ■ 

equal to the angle bca.^ And therefore the angle bha ^ By hyp, 
is equal to the angle bca ; the exterior angle bha of 
the triangle ahc is ec^ual to the interior and opposite 
angle bca, which is impossible.^ Wherefore bc is not c ijg. i, 
unequal to ef ; that is^ it is equal to it. But ab is 
equsu to de. Therefore the two ab, bc, are equal to 
the two D£, EF, each to each, and they contain equal 
assies. Wherefore the base ac is equal to the base df, 
and the triangle bag to the triangle def; also the 
remaining angle bag is equal to the remaining angle 
EDF. If therefore two triangles, 8cc. q. e. d. 

Deductiom* 

)• To draw a right line through a given point so as to 
make equal angles with two right lines given in position. 

2. If any tWo triangles have the three angles of the 
one respectively equal to the three angles of the other ; 
also if the perpendiculars from the vertical angles to the 
bases be equal, then shall the three sides of the one 
triangle be eqpal to the three sides of the otlier^ viz. 
those which are opposite to the equal angles^. 

PROPOSITION XXVII. 

Theorem.* 

If aright line falling upon two right lines makes the 
alternate angles equal to one another^ tlw right lines will 
be parallel. 

Let the right line ef falling upon the two right lines 
AB, GD, make the alternate angles aef, efd, equal to 
one another; the right line ab is pa- 
rallel to en. For if it is not parallel, A___K/n- 
AB, GD,being produced will meet either / ^ <^ 

towards the parts b, d, or towards the ^/^ ^ 
parts A, c. Let them be produced, and 
meet towards the parts b, d, in the point g. Therefore 
the exterior angle aef of the triaugle gef is greater 
than the interior and opposite angle efg;*^ but it is • 16. i. 
Mso equal ;^ which is impossible. Therefore ab, gd, ^ By hyp. 
being produced, do not meet towards the parts bd. In 
like manner we may demonstrate they do not meet 

* The student must understand that the lines are in the same plane, other^ 
ivise the alternate anglci might be equal ; and the lines might or might not 
be parallel, as the commentarj of Proclus upon this proposition fully evinces. 
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towards the parts a, c. But those right lines which 
being produced meet towards neither parts are parallel. 
Theretore ab is pmtdlel to co. Wherefore a right line^ 

8ic. Q. £• D. 

Deduction. 

If ABC D be a parallelogram, 
and BH be equal to do, the tri- 
angle BFH is equal to the triangle 
DGE ; also the sides and angles 
of the one respectively equsd to 
the sides and angles of the 
other. 




By hyp, 
15.1. 



27.1. 



PROPOSITION XXVIIL 

Theorem. 

If a right line falling upon two right lines make the 
exterior angle equal to the interior and oppoAte angle 
towards the samepartSj or the interior angles towards the 
same parts equal to two right angles ; the right lines will 
be parallel to one another. 

Let the right line ef falling upon the two right lines 
AB, CD, make the exterior angle egb equal to the inte- 
rior and opposite angle gho, or ^ 
the interior angles towards the 
same parts bgh, ghd, equal to 
two right angles. The rignt line 
AB is parallel to the right line c 
c D . For because the angle egb 




is equal to the angle ghd/ and 
the angle egb to the ande agh^*' 
the angle agh will also be equal to the angle ghd ; and 
they are alternate angles. Therefore ab is parallel to 
CD.^ Again, because the angles bgh, ghd, are equal 
By hyp. to two Hght angles,* and the angles agh, bgh, are 
13. 1. equal to two right angles;* therefore the angles agh, 
bgh, will be equal to the angles bgh, ghd. Take 
away bgh, which is common. Therefore the remainder 
AGH is equal to the remainder ghd ; and they are alter- 
nate angles. Therefore ab will be parallel to cd. If 
therefore a right line, &c. q. £. d. 
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PROPOSITION XXIX.* 

I 

Theorem. 

IF a right line falls upon two parallel right linesj it will 
fnake the alternate angles equal to one another ^ the exterior 
angle equal to the interior and opposite angle towards the 
same parts, and the interior angles towards the saine parts 
equal to two right angles. 

Let the right line ef fall upon the two right lines 
AB, CD. The alternate angles agh, ghd, are equal to 
one anoiber, the exterior angle egb towards the same 
parts, equal to the interior and ^ 
opposite angle ghd. And the 

interior angles b g h, g h d, towards ^_^_J\jG ^ 

the same parts equal to two right """ X ^ 
angles. For if agh be unequal to ^ iJ^^XT ^^ 

GHD, one of them is the greater. >^ 

Let agh be the greater. And ^ 

because the angle agh is greater than the angle ghd, 
add bgh, which is common. Therefore the angles agh, 
BGH, are greater than the angles bgh, ghd. But the 
angles agh, bgh, are equal to two right angles.* There- » 13. 1. 
fore the angles bgh, ghd, are less than two ri^ht 
angles. But right lines which with another right line 
falling upon them make the adjacent angles less than 
two right angles, do meet, if produced far enough.^ ^ Ax. 12. 
Therefore the right lines ab, cd, produced far enough, 
will meet. But they do not meet, since they are 
parallel. Therefore the an^le agh is not unequal to the 
angle ghd ; wherefore it is equal. But the angle agh 
is equal to the angle egb.^ Therefore egb will be equal "" 1^. !• 
to ghd; add bgh, common to both. Therefore the 
angles egb, bgh, are equal to the angles bgh, ghd ; 
but egb, bgh, are equal to two right angles. There- 
fore bgh, ghd, will be equal to two right angles. If, 
therefore, a right line, 8cc. q. e. d. 

* This and the preceding 27th Proposition show the excellency of Euclid's 
definitions of parallels, and its superiority to many others given by the 
modems ; for he here employs the negative property of these lines with 
great success, and the addition of their being always at the same perpendi- 
cnlar distance from each other would have been uselessi as it is not wanted 
10 any part of the Elements. 
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Deduclion, 

Trisect a right angle; that is, to divide it into 
three *jqual parts, trisect any rectilineal angle which is 
aa even aliquot part of a right angle* 

PROPOSITION XXX. 

Theorem. 

Right lines which are parallel to the same right line^ are 
parallel to each other. 

Let AB, CD, be each of them parallel to ef; theil 

A By CO, are parallel to one another. Let gk, a right 

line, fall upon them. And because 

the right line gk falls upon the 

parallel right lines ab, ef, the 

angle agu is equal to the angle 
*29. 1. GHF.* Again, because the right 

line GK fulls upon the parallel right 

lines EF, CD, the angle guf is equal to the an^le gkd. 

But it was shown the angle agk is also equal to the 

angle ghf; therefore agk will also be equsil to gkd ; 

and they are alternate angles. Therefore ab is parallel 
«• «7. 1. to CD.^ Wherefore the right lines, &c. q. e. d. 

PROPOSITION XXXI. 
Problem. 

Through a given point to draw a right line parallel io 
a given right line. 

Let A be a given point, and bc a given right line. It 
is required through the point a to draw a right line 
parallel to the right line bc. Take 

in BC any point d, and join ad; ? a v 

place at the right line da, and at X 

the point a in it, the angle dae ^ ^ c 

• 23. 1. equal to the an^le adc ; * and pro- 
duce the right hne af in a straight line with ea« For 
because the right line ad falling upon the right lines 
bc, ef, makes the alternate angles ead, adc, equal to 

h 27. t. ^^^ another; ef shall be parallel to bc.** Therefore, 
through the point a, a right line eaf has been drawn 
parallel to a given right line bc. q. e. f. 
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Deductions. 

1* To draw to a right line from a given point without 
it another ri^ht line^ which shall make an angle equal to- 
a given rectilineal angle. 

2. From a given isosceles triangle to cut off a trape- 
zium, which shall have the same base as the triangle, 
and shall have its three remaining sides equal to each 
other» ' 

PROPOSITION XXXII * 

Theorem. 

One side of any triangle being produced^ the exterior 
angle is eaual to the two interior and opposite angles^ and 
the three tnterior angles of a triangle are equal to two right 
angles. 

Let ABC be a triangle ; and let one of its sides bc be 
produced to d. The exterior angle acd is equal to the 
two interior and opposite angles cab, abc ; and the 
three interior angles of the triangle, viz. abc, bca, 
CAB, are equal to two right angles. For through the 
point c draw ce parallel to the ri^ht 

line AB ;* and because ab is parallel X' /* • 3i. i. 

to CE, and ac falls upon them, the 
alternate angles bac, ace, are equal 

to one another.^ Again, because b c b b 29. 1. 

ab is parallel to ce, and the right 
line BD falls upon them, the exterior angle ecd is 
equal to the interior and opposite angle abc. But the 
angle ace was shown to be equal to the angle bac. 
Wherefore the whole exterior angle acd is equal to 
the two interior and opposite angles bac, abc. Add 
acb, which is common : therefore the angles acd, acb, 



* The three angles of a triangle may be demonstrated to be equal to two 
right angles witliout the aid of the first part of the proposition, as Eudemus 
relates was done by the Pythagoreans, in the folluw- 
iog manner. I^t there be a trian^Ie ABC,and let there be A 

drawn through the point a, a line db parallel to bc, ^ ^ 
Because therefore the right lines de, bc, are parallel, the 
alternate angles are eqoal. Hence the angle dab is i 
equal ta the angle abc, and the angle £ac equal to the 
angle acb. Let the common angle bag be added. The angles, therefore, 
dab, bac, car ; that is, the angles dab, bae, and that is two right anglei^, 
are equal to the three angles of the triangle. 
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are equal to the three angles^ abc, bca, cab ; but the 
« 13. 1. angles acd, acb, are equal to two right angles.*^ 
Therefore the angles acb, cba, cab^ will also be equal 
to two right angles. Therefore if one side of every 
triangle, &.c. Q. e. d. 

Deductions. 

1. The angle at the base of an isosceles triangle is 
equal to half the difference between the vertical angle 
and two rieht angles. 

2. The difference of the angles at the base of any 
triangle is double the angle contained by the line 
bisecting the vertical angle and another drawn from the 
vertexperpendicular to the base. 

3. Griven the difference of the angles at the base of 
a triangle, the perpendicular drawn trom the vertex to 
the base, and one of the segments made by the perpen- 
dicular, to construct the triangle. 

4. To construct a triangle, which shall have its three 
sides taken together equal to a given finite right line, 
and its three angles equal to three given angles, each 
to each ; the three given angles bemg togetner equal 
to two right angles* 

PROPOSITION XXXIII.* 

Theorem. 

Right lines f tujiich join equal and parallel right lines 
towards the same partSj are themselves equal and parallel 

Let ab, CD, be equal and parallel, and let the right 
lines AC, bd, join them towards the same parts, ac, 
BD, are equal and parallel to one another. Draw bc, 
and because ab is parallel to cd^ and bc falls upon 

them, the alternate angles abc, bcd, a ^^^,b 

• 29. 1. are equal.^ Again, because ab is \^.^^-^"^\, 
equal to cd, and bc common, the two ^ ^ 



* I think the following mode of enunciating this proposition is clearer 
than the one in the text. If the extremes of two eqaal and parallel right 
lines be joined by the extremes of two other right lines not cattlog one 
anotberi these two right lines shall also be equal and parallel. 
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Ab^ bc, are equal to the two bc, cd, and the angle 
ABC is equal to the angle bcd. Therefore the base ac 
is equal to the base bd,^ and the triangle abc to the ^ 4* i* 
triangle bcd ; also the remaining angles will be equal 
to the remaining angles, each to each, to which the 
equal sides are opposite. Therefore the angle acb is 
equal to the angle cbd. And because the ri^ht line 
bc falls upon the two right lines ac, bd, makes the 
alternate angles acb, cbd, equal to one another, ac 
is parallel to bd.^ But it was shown that it was equal ^ 2^* i« 
to it. Therefore right lines, &c. q. b. d. 

PROPOSITION XXXIV, 

Theorem. 

Thg oppadte sides and angles of a parallelogram are 
equal to one another^ and the diameter oisects it 4 

m 

" A parallelogram is a four-sided figure, whose oppo- 
site siaes are parallel.*' 

Let ABDC be a parallelogram^ whose diameter is bc ; 
the opposite sides and angles of the parallelogram abdc 
are equal to one another, and the diameter bc bisects 
it. For because ab is parallel to cd, and the right line 
BC falls upon them, the alternate 

angles a b c, b c d, are equal to one ano- -^^^ —J^ 

ther.* Again, because AC is parallel \£s^:^;I_Aw "29. 1. 
to BD, and BC falls upon them, the c i> 

alternate angles acb, cbd, are equal 
to one another. Therefore the two triangles abc, cbd, 
have the two angles abc, bca, equal to the two angles 
BCD, cbd, each to each, and one side equal to one 
side, viz. bc, which is common to both. Therefore 
they will have the remaining sides equal to the remain- 
ing sides, each to each, and the remaining angle equal 
to the remaining angle.^ Therefore the side ab is equal ^ 26. 1. 
to the side cd, and the side ac to the side bd ; also 
the angle bac is equal to the angle bdc. And because 
the angle abc is equal to the angle bcd, and the angle 
cbd to the angle acb, the whole angle abd will oe 
equal to the whole angle acd. But it was shown that 
the angle bac is equal to the angle bdc. Therefore 



8» EUCLID'S ELEMENTS. [Book I. 

the opposite sides and angles of parallelograms are 
equal to one another^ also the diameter bisects it. For 
because ab is equal to cd, and bc common, the two 
AB, BC, are equal to the two dc^ cb, each to each; 
and the angle abc is equal to the angle bcd» There- 

• 4.1. fore the base ac is equal to the base db,*^ and the 

triangle abc is equal to the triangle bcd. Therefore 
the diameter bc bisects the parallelogram a bcd. q.e.d. 

Deductions. 

1. The diameters of a parallelogram bisect each other. 

2. Ifthe corresponding diameters of two equiangi?lar 
parallelograms be equal to one another, also a side 
of the one equal to the corresponding side of the other, 
then shall the other opposite sides ot the one be equal 
to the other opposite sides of the other. 

3. If in the sides of a square, at equal distances 
from the four angles, four other points be taken, one 
in each side, the figure contained by the right lines 
which join them shall also be a square. 

PROPOSITION XXXV. 

Theorem. 

Parallelograms constituted upon the same base^ and be* 
iween tlie same parallels, are equal to one anotlier. 

Let ABCD, EBCF, be parallelograms, placed upon 
the same base bc, and between the same parallels aFj 
B c . The parallelogram a b c d is equal to 
the parallelogram ebcf. For because 
ABCD is a parallelogram, ad is equal to 

• 34. 1. BC* For the same reason ef is equal to 

BC. And therefore ad will be equal to 

h Ax.1. ef** and de common. Therefore the 

» Ax.t. whole AE is equal to the whole df.*^ But ab is equal 

to DC. Therefore the two ea, ab, are equal to the 

two FD, DC, each to each, and the an^le edc is equal 

^ 29.1, to the angle eab, the exterior to the interior ;** there* 

• 4. 1. fore the base eb is equal to the base fc,^ and the tri- 

angle EAB is equal to the ttiangle fdc. Take away 

DGE, which is common. Therefore the remaining 

trapezium abgd is equal to the remaining trapezium 

f Av3. EGCF.^ Add the triangle gbc, which is common. 
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Therefore the whole parallelogram abcd will be equal 
to the whole parallelogram ebcf. Therefore parallelo- 
grams placed upon the same basa^ 8cc, q. e. d. 



PROPOSITION XXXVL 



TlIEORRM. 




Parallelograms constituted upon equal baseSj and be- 
tween the same parallels^ are equal to one another. 

Let ABCD^ EFGH^ be parallelograms constituted upon 
equal bases bc, fg, and between the same parallels 
AH; BG. The parallelogram abcd is equal 
to the parallelogram efgh. For join 
BE, CH ; and because bc is equal to fg,* /\/\ * ^^^' 

and F6 equal to eh/bc will also be 
equal to eh. Therefore eb, ch, are both 
equal and parallel. But those lines are 
parallel which join the extremities of equal and parallel 
right lines towards the same parts. Therefore eb^ ch, 
are equdl and parallel ; wherefore e b c h is a parallelogram, 
and it is equal to the parallelogram abcd, for it is 
placed upon the same base bc, and between the same 
parallels bc, ad. For the same reason the parallelo- 
gram efgh is equal to the parallelogram ebch,** for^ 35.1. 
it has the same base eh, and is constituted between 
the same parallels eh, bg. Therefore the parallelogram 
abcd will be equal to the parallelogram efgh. There- 
fore parallelograms, &c. Q. e. d. 

I^eductions, 

1. If the sides of a parallelogram be bisected, the 
lines joining the opposite points of section will divide 
the parallelogram into four equal parallelograms. 

2. If a trapezium have two of its sides parallel to one 
another^ and equal to two sides of another trapezium, 
which are parallel to one another ; also if the perpen- 
dicular distance of the one be equal to the perpen- 
dicular distance of the other, then shall the two tra- 
peziums be equal to one another. 

PABT I. d 
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PROPOSITION XXXVII. 

Theorem, 

Triangles constituted upon the same base^ and between 
the same parallels^ are equal to one another. 

Let the triangles abc, dbc, be constituted upon the 
same base bc, and between the same parallels ad, bc/ 
The triangle abc is equal to the tri- 
angle DBC. Produce ad both ways to 
the points e, f ; and through b draw be, 

• 31. 1. parallel to ca,* and through c draw cf, 

parallel to b d. Therefore each of them 
EBCA, DBCF, is a parallelogram, and 
the parallelogram ebca is equal to the parallelogram 
^ 35. 1. dbcf.^ For they are upon the same base bc, and be- 
tween the same parallels bc, ef. And the triangle 

• 34. 1. ABC is half of the parallelogram ebca,*= because Uie 

diameter ab bisects it; and the triangle dbc is half of 
the parallelogram dbcf, for the diameter dc bisects it. 
But the halves of equal things are equal. Therefore 
the triangle abc is equal to the triangle dbc. There- 
fore triangles, &c. q. e. d. 

PROPOSITION XXXVIII. 

Theorem. 

Triangles constituted upon equal bases, and between the 
same parallels, are equal to one another. 

Let the triangles abc, dce, be con- 
stituted upon equal bases bc, ce, and 
between the same parallels be, ad. 
The triangle abc is equal to the triangle 
dce. For produce ad both ways to the 
points G, H. Through b draw bg pa- 

• 31.1. rallel to ca ;* also through e draw eh 

parallel to dc Therefore each of the 

figures OBCA, dceh, is a parallelogram. And the 

parallelogram gbca is equal to the parallelogram 

^ 36. 1. DCEH,** because they are upon equal bases bc, ce, and 
between the same parallels be, gh. But the triangle 
ABC is half of the parallelogram gbca, for the diameter 

«34. 1. ab bisects it;*= and the triangle dce is half of the. 
parallelogram dceh, for the diameter de bisects it. 

* Ax. 7. But the halves of equal things are equal : * therefore 
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the triangle abc ig equal to the triangle dce. There- 
fore triangles, 8ic. q. e. d. 

Dedtictions. 

^ !• A right line drawn from the vertex of a triangle 
bisecting the base, divides the triangle into two equal 
triangles. 

2. If two opposite sides of a trapezium be parallel 
to one another, the line joining their bisections bisects 
the trapezium. 

PROPOSITION XXXIX. 

Theorem. 

Equal triangles placed upon the same base^ and towards 
the same parts, are also between the same parallels. 

Let the equal triangles abc, dec, be constituted 
upon the same base bc, and towards the same parts 
they are between the same parallels. For 
draw AD ; AD is parallel to bc. For if it is 
not jparallel,^draw through the point a the 
right line ae, parallel to bc,* and join 1 y^V.^ -si. i. 
EC Therefore tne triangle abc is equal to 
the triangle ebc, because it is upon the 
same base bc, and between the same pa- 
rallels bc, ae.** But the triande abc is equal to the ^ 37. i, 
triangle dbc. Therefore also, the triangle dbc is equal 
to the triangle ebc, the greater to the less, which is 
impossible. Therefore ae is not parallel to bc. In 
like manner we show that none otner, except ad, is 
parallel to bc. Whence ad is parallel to bc. There- 
fore equal triangles, &c. q. e. d. 

PROPOSITION XL. 

Theorem. 

Eaual triangles constituted upon equal bases^ and to- 
wards the same parts^ are also between the same parallels. 

Let the equal triangles abc, cde, be 
constituted on the equal bases bc, ce. 
They are between the same parallels. 
Draw ad; ad is parallel to be. For if 
it is not, through a draw af parallel to 
BE,* and join de. Therefore tne triangle b o jb • 3i. i. 
ABC is equal to the triangle cef,** because b 33. 1. 

d2 
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they are constituted between the same parallels be, af, 
and upon equal bases. But the triangle abc is equal 
to the triangle dce. Therefore also the triangle dce 
will be equal to the triangle fce, the greater to the less, 
which is impossible. Therefore af is not parallel to be. 
In like manner we may show that no other line drawn 
through A is parallel to be except ad. Therefore ad 
will be parallel to be. Therefore equal triangles, &c. 

Q. E. D. 

PROPOSITION XLI. 

Theorem.* 

If a parallelogram and a triangle have the same base, 
ana are between the same parallels, the parallelogram will 
be double of the triangle. 

For let A BCD be a parallelogram, and ebc a triangle ; 
let them have the same base bc, and between 
the same parallels bc, ae. The parallelo- 
gram A BCD, is double of the triangle 
ebc. For join ac. Therefore the triangle 

• 37, 1. ABC is equal to the triangle ebc,* for they 

are constituted upon the same base bc, and 
between the same parallels bc, ae. But the parallelo- 
gram A BCD is double of the triangle abc, because the 

• 34. 1, diameter ac bisects it.** Wherefore it will also be 

double of the triangle ebc. If therefore a parallelo- 
gram and a triangle, &c. q. e, d. 

PROPOSITION XUI. 

Problem. 

To make a parallelogram equal to a given triangle^ and 
having one of its angles equal to a given rectilineal angle. 

Let ABC be a given triangle, and d a f o 

a ^iven rectilineal angle. It is re- /\7 7/ 
quired to make a parallelogram equal / A / '^ 
to the triangle abc, and having one 
of its angles equal to the given recti- 

• 10. 1. lineal angle d. Bisect bc in e ;* and ae being joined 

to the right line ec and to the point in it e, make the 

* From this proposition is derived the rule for finding the area of a tri- 
angle, the base and altitude being given ; for as the area of a parallelogram 
is the product of the base and altitude, it follows that tlie area of a triangle 
must be half that product. 
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angle cef equal to d ;^ and through the point A draw ^ 23. i. 
AG parallel to ec ;*^ and through c draw cg parallel to ' 3i. i. 
F£ ; therefore fecg is a parallelogram. And because 
BE is equal to ec^ the triangle abe will be equal to 
the triangle aec,^ because they are upon equal bases ** ^8* ^* 
BE, EC, and between the same parallels, bc, ag. 
Therefore the triangle abc is double of the triangle aec. 
But the parallelogram fecg is also double of the triangle 
aec/ because it has the same base*, and is between the " 4i. i. 
same parallels. Therefore the parallelogram fecg is 
equal to the triangle abc, and hath an angle cef 
equal to the given angle d. Therefore a parallelogram 
FECG has been made equal to the triangle abc^ and 
having an angle cef equal to the angle d.* q. e. f. 

Deductions, 

!• A trapezium is equal to half the rectangle, whose 
base is the diagonal of the trapezium, and perpendicular 
the aggregate of the perpendiculars drawn from the 
vertical angles unto the diagonal. 

2, To describe a parallelogram, the area and perimeter 
of which shall be respectively equal to the area and 
perimeter of a given triangle, 

3. If the sides of a parallelogram be bisected, the 
lines joining the points of bisection shall contain a pa- 
rallelogram equal to half of the given one, and the 
diameters of this parallelogram shall be equal to half of 
the perimeter of tne other. 

PROPOSITION XLIII. 

Theorem. 

. The complements of any parallelogram which are about 
the diameter of any parallelogram are equal to one another. 

Let abcd be a parallelogram whose diameter is bd. 
Let FH, EG, be the parallelograms, about the diameter 

• Hence also it may be shown, that triangles which are equal, and be- 
tween the same parallels, are either upon the same base, or upon equal 
bases r thus let there be two triangles abc, def, xvhich . 

are equal, and between the same parallels ad, bf, ^ 

the bases bc, ef, are also equal. For if they are 
not, let BC be the greater, and from it cut off bu equal 

to EF, and join ah. Therefore because the triangles li h~c~1e jf 

,ABH, DEF, are upon equal bases bh, ef, and between 
the same parallels ad, bf, they are equal. But the triangles abc, def, 
are equal. Whence the triangle abc is equal to the triangle abh, the 
greater to the less, which is impossible. Therefore the base bc is not 
uoequal to the base ef ; that is, it is equal to it. And this method of de- 
monstration b the same in parallelograms. 



K7\ 
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BD, and AKy Kc, the complements. 
The complement ak is equal to the a. h 
complement k c . And because a b c d 
is a parallelogram, and bd its dia- 
meter, the triangle abd is equal to 
•34.1. the triangle bcd,* Again because. 

HKFD is a parallelogram whose diameter is dk, the 
triangle hdk will be equal to the triangle dkf. For 
the same reason the triangle kgb is equal to the tri- 
angle keb. Therefore the triangle ber is equal to the 
triangle bgk, and the triangle hdk to the triangle 
BKF ; and the triangle bek, together with the trianele 
HDK, will be equal to the triangle bgk, together with 
the triangle dkf. But the whole triangle abd is equal 
to the whole bdc. Therefore the remaining comple- 
ment AK is equal to the remaining complement kg. 
Therefore the complements, &c* q. e. d. 

PROPOSITION XLIV. 

Problem.* 

To a given right line to apply a parallelogram equal io 
a given triangle^ and having an angle equal to a given 
rectilineal angle. 

Let AB be the given ri^ht line, 

c the given triangle, and d the given 

rectilineal angle. It is required 

to the right Tine ab to apply a 

parallelogram equal to the given 

triangle c, and naving an angle 

equal to d. Describe a parallelo- 
• 42.1. gram befg equal to the triangle c,* and having an 

angle ebg equal to the angle d ; and put be in a direct 

line with ab produce fg to h ; and through a draw 
^ 31.1. ^jj parallel to bg or ef,^ and join hb. And because 

the right line hf falling upon tne parallels ah, ef, the 

angles ahf, hfe, are equal to two right angles*^ 

Wherefore bhf, hfe^ are less than two right angles. 

But those right lines, which with another fdling upon 

them make the adjacent angles less than two right 
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* Edmund Stoue thas enunciates this proposition } make such a panllelo- 
gram that a ^ven right line shall be one of its sides ; one of its angles shall 
be equal to a given right lined angle, and the parallelognum shall oe c^tud 
to a given triangle. 
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angles, do meet if produced far enough.^ Therefore ^ Post 5. 
HB, TE, being produced, meet. Let them be produced 
and meet in k ; and through k draw kl parallel either 
to £A or FH, and produce ah, gb, to the points lm. 
Therefore hlkf is a parallelogram whose diameter is 
HK ; and AG, me, are tne parallelograms about hk, and 
LB, BF, are those called complements. Therefore lb 
is equal to bf.® But bf is equal to the triangle c." 43. i. 
Wherefore also lb wilLbe equal to the triangle c. And 
because the angle gbe is equal to the an^le abm/ but ' 15. i. 
it is also equal to the angle d, therefore the angle abm 
will also be equal to the angle d. Therefore to a given 
right line ab a parallelogram has been applied equal 
to the ^ven triangle c, and ha:ying an angle equal 
to the given rectilineal angle d. q. e. f. 

PROPOSITION XLV. 
Problem. 

To describe a parallelogram equal to a given rectilineal 
jftgure, and havmg an angle equal to a given rectilineal 
angle. 

Let ABCD be the given rectilineal figure, and e the 
given rectilineal angle : it is required to describe a pa- 
lallelogram equal to the given rec- 
tilineal figure ABCD^ and having an 
Ungle equal to e. Join d b, and de- 
scribe the parallelogram fh equal ^ 
to the triangle adb, and having the 

angle hkf equal to the angle e.* -.^ $ "'"' • 42. 1. 

Then to the right line gh apply the ^^^^^^^^^-^ 

parallelogram gm equal to the tri- y^'^^^ 

angle dbg, and having the angle A 

ghm equal to the angle e.** And because the angle e is »> 44. J. 
equal to each of the angles h k f, ghm, the angle ghm will 
also be equal to the angle hkf ; add khg, which is com- 
mon ; the angles hkf, khg, are equal to the angles khg, 
ghm. But HKF, KHG, are equal to two right angles.*^ "" 29. 1. 
Therefore khg, ghm, will oe equal to two right 
fui^les. Therefore to the right line gh, and to the 
pomt h in it, two right lines kh, hm, not placed to- 
wards the same parts, make the adjacent angles equal 
to two right angles : kh is in a direct line with hm.** * 14. 1. 
And because the right line hg falls upon the parallels 
KM,^FG, the alternate angles mhg, hgf, are equal to 
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one another ; add hgl^ which is common : therefore the 
angles mho, ugl, are equal to the angles hgf, hol. 
But the angles mhg, hgl, are equal to two right angles. 
Wherefore the angles hgf, hgl, will also be equal to 
two right angles. Therefore fg is in a right line with 
GL. And because kf is parallel and equal to hg^ ug 

• 50. 1. is. also equal and parallel to ml ;^ therefore likewise kf 

will be equal and parallel to ml. Join the right lines 
KM, FL ; therefore km^ fl^ are bpth equal and parallel. 
Therefore kflm is a parallelogram. But the triangle 
ABD is equal to the parallelogram fh ; also the triangle 
DBC equal to the parallelogram gm. The whole pa- 
rallelogram KLFM is equal to the whole rectilineal figure 
A BCD. Therefore the parallelogram kflm is equcd to 
the given rectilineal figure abcd, and having the angle 
FKM equal to the given angle e. q. e. f. 

Dedtiction, 

To a given right line to apply a parallelogram equal 
to a given rectihneal figure, and having an angle equal 
to a given rectilineal angle.. 

PROPOSITION XLVL 

Problem.* 

Upon a given right line to describe a square. 

Let ab be the given right line. It is required upor 
the line ab to describe a square. Draw from the givet 

• 11.1. point A the right line ac, at right angles to ab,* and. 
^s. 1. make ad equal to ab,** and through the 

point D draw de parallel to ab ; also 

• 31. 1. through B draw be parallel to ad.*^ There- 

fore adeb is a parallelogram. And ab is 

• 34.1. equal to de ;** also ad to eb, but ba is 

equal to ad. Therefore the four, ba, ad, 
DE, KB, are equal to one another. There- 
fore the parallelogram adeb is equilateral ; it is also 
rectangular. For because the right line ad falling 
upon the parallels ab, de, the angles bad, ade, are 
29. 1. equal to two right angles ;^ but bad is a right angle ; 
therefore ade will also be a right angle ; but the oppo- 
site sides and angles of parallelograms are equal to one 

^ - — 

* In like manner a rectangle may be described which is contained under 
two right UiMS. 
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another. Therefore each of the opposite angles a be, 
BED, is a light angle; and consequently abde is a;, 
rectwgle. But it was shown to be equilateral, there- 
fore it is a square, and has been described on the given 
right line ab. q. e. f. 

Corollary. 

Hence every parallelogram having one right angle is 
a rectangle. 

PROPOSITION XLVII. 

. Theorem. 

In right angled triangles the square described upon the 
side subtending the right angle is equal to the squares 
described on the sides containing the right angle. 

Let ABC be a right angled triangle, having the ri^ht 
angle bag. The square described upon the right line 
Bc is equal to the squares described 
on the sides ba, ca. Describe on bc 

the square bdec," and on ba, ac, ^^^^O^^^l--^^ ' ^' ^* 
the squares gb; hc; and through a 
draw AL parallel either to bd or ce, 
and join ad, fc. Therefore because 
the angles bag, bag, are each of them 
right angles, the two rightlines ag, ag, 
upon the opposite sides of ab, make with it, at the 
point A, the adjacent angles equal to two right angles : 
GA, AG, are in one and the same right line.** For the ^ 14. i. 
same reason ab, ah, are in one and the same right 
line. And because the angle dbg is equal to the 
angle fba, each of them is a right angle : add abc, 
which is common: therefore the whole angle dba is 
equal to the whole angle fbg.*= But the two sides* Ax.«. 
AB, bd, are equal to the two sides fb, bc, each to 
eacli, and the angle dba is equal to the angle fbg ; 
also the base ad will be equal to the base fg ;*^ and the «» 4. u 
triangle abd to the triangle fbg. And the parallelo- 
gram BL is double of the triangle abd, because they 
have the same base bd, and are between the same 
parallels bd, al;* also the square gb is double of the • 4i. i. 
triangle fbg; because they have the same base fb, 
and are between the same parallels fb, gg. But things 
which are double of equals are equal to one another ; 
therefore the parallelogram bl is equal to the square 
bg. In like manner ae, bk, being joined, the paral- 
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lelogram cl may be ako shown to be equal to the 
square hc. Therefore the whole square bdec, is equal 
to the two squares qb, uc, and bdec is the square 
described upon the side bc, and ob, hc, are the 
squares described on ba, ac. Therefore the square 
described on the side bc, subtending the right angle, 
is equal to the squares described on the sides ba, ac, 
containing the right angle. Therefore iu right angled 
triangles, &c. q. e. d. 

Dedtictions. 

1. Describe a square which shall be equal to two 
given squares. 

2. Describe a square which shall be equal to the 
difference between two given squares. 

3. The square described upon the diameter of another 
square is double of that square. 

4. If the sides of the square described upon the hy^ 
pothenuse of a right angled triangle be produced to 
meet the sides of the squares described upon the legs, 
they will cut off triangles equiangular, and equal to 
the given triangle. 

The name of Pythagoras is rendered immortal in the annals of geometrv 
by the discovery of thb famous, useful, and elegant proposition. Some 
authors relate that he was so transported with joy« that he offered to the 
gods a sacrifice of a hundred oxen, as a token of graUtude for their inspiring 
him with it. This circumstance, however, is doubted by others, as being 
inconsistent with his religious opinions, which prohibited bloody sacriices. 
Be this as it may, never had enthusiasm a better foundation. The problem 
deservedly ranks amongst the first class of geometrical truths, both from the 
singularity of its result, and the variety of cases to which it is applicable in 
every branch of the mathematics. 

PROPOSITION XLVIII. 

Theorem. 

If the square which is described upon one of the sides of 
a triangle be eaual to the squares which are described on 
the other two siaesj then shall the angle which is contained 
by these two remaining sides be a right angle. 

If the square described on 
BC, one of the sides of the tri- 
angle abc, be equal to the 
squares described upon the 
remaining sides of the triangle b^"""""^ ^ 
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BAy AC, the angle bag is a right angle. For 
draw from the point a, ad at right angles to ac, and 
make ad equal to ba, and join dc. Therefore because 
DA is equal to ab, the sc]^uare also described on da is 
equal to the square descnbed on ab. Add the square 
of AC, which is common. Therefore the squares of 
DA^ AC, are equal to the squares of ba, ac. But the 
square described on dc is equal to the squares described 
on DA, AC, for DAc is a right angle ;* also the square ' 47. i. 
of Bc is equal to the squares of ba, ac. Therefore 
the square of dc is equal to the square bc. Where- 
fore the side dc is also equal to the side cb. And 
because da is equal to ab, and ac common, the two 
DA, AC, are equal to the two ba, ac ; and the base 
DC is equal to the base cb. Therefore the angle dac 
is equal to the angle bac.^ But dac is a right angle ; ^ 8. i. 
therefore bac will also be a right angle. It therefore 
the square, Sec. q. e. d. 
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DEFINITIONS. 

1. Every right angled parallelogram is said to be 
contained under two right lines^ comprehending a 
right angle. 

2. In every parallelogram either of those parallelo- 
grams about the diameter, together with the comple- 
ments, is called a gnomon.* Thus the parallelogram 
HG, together with the complements 
AF, FC, is the gnomon, which is 
more briefly expressed by the letters 
AGK, or EHc, which are at the op- ^ 
posite angles of the parallelograms, 
which make the gnomon. 

PROPOSITION I. 

Theorem. 
Tf there be two right lines, one of which is divided into 
any number of parts^ the rectangle comprehended under 
the whole and divided line, is equal to the rectangles con- 
tained under tlie whole line, ana the several segments of 
the divided line. 

Let A and bc be two right lines, and let bc be any 
how divided in the points d, e ; the rectangle contained 
under the right lines a and bc, is equal 
to the rectangles contained under a and 
BD, A and DE, and a and eg. 

From the point b draw* bf, at right 
angles to bc, and make^ bg equal to a : 
and let*^ gh be drawn through g, pa- 
rallel to BC ; and through n, e, c, draw dk, el, and ch, 
parallel to bg ; then tne rectangle bh is equal to the 
rectangles bk, dl, eh, but the rectangle bh is contained 
under a and bc, for it is contained under gb and bc. 




11 

3. 
31 



. 1. 
1. 
. 1. 



* From the Greefc word rvaJfim, which signifies a carpenter's square. 



46 EUCLID'S ELEMENTS. [Book II. 

and GB is equal to a ; and bk is contained under A and 
BD^ for it is contained under bg and bd^ and bg is 
equal to A ; and the rectangle dl is contained under 
' 34. 1. A and DE ; because dk, that is** bg, is equal to a ; so 
likewise the rectangle eh is that contained under a 
and EC. Therefore the rectangle under a and bc is 
equal to the rectangles under a and bd, a and de, 
and A and ec. Tnerefore if there be two right lines, 

OCC. Q. E. D. 

The same by Algebra. 

Put a equal to the line a, and b the line bc, and 
suppose it be divided into the parts Cy fj g j then shall 

• Ax. 8.1. ab = ae -^ af + ag; for ft* = e +/+ g^ multiply 

each by </, and we snail have ab ^ ae + of -^ ag, 
Q. E. o.f 

PROPOSITION II. 

Theorem. 

If a right line he divided into any two parts^ the 
rectangles contained under the whole and each of the 
parts are together equal to the square of the whole line. 

Let the right line ab be any how divided in the point 

c, the rectangle contained under ab, bc, together with 

the rectangle ab, ac, is equal to the square 

of AB. For let the square adeb, be de- 

> 46.1. scribed* on ab, and through c let cf be 

* 31. 1. drawn parallel** to ad or be. Then ae is 
« Ax. 8. 1. equal to the rectangles af, ce ;*= and ae is 



c. 8. 1. equal to the rectangles af, ce :*= and ae i 
the square of ab ; and af is the rectangl 




e - '» 



t If two given right lines are both divided into how many parts soeyer^ 
one whole multiplied into the other shall bring out the same piodnct as the 
parts of the one multiplied into the parts of the other* 

For, let X := a + b + c, and y = d + « ; then because dx s= ad + hd 
+ cd, and ex = ae + he + ce, and xy ^ dx + ex, therefore xy will be «■ 
ad+bd + cd+ae + be + ce* I), b. d. 

From hence we deduce a method of multiplying compound lines into 
compound lines. For if the rectangles of all the parts be taken, their sum 
shall be equal to the rectangle of the wholes. 

But whensoever in the multiplication of lines into tbemselyes yon meet 
with the sign + intermingled with — , particular regard must be paid to 
them. For of + multiplied into — arises ~ ', but of — into — arises + • 
For example, let -f a be multiplied into h •— e ; then because + a is not 
affirmed of all b, but only of that part of it whereby it exceeds c, therefore 
ac roust remain denied ; so that the product will be ab — ac. 

This being sufficiently understood, the nine following propositions, and 
innumerable others of that kind, arising from the comparing of lines mnlfi> 
plied into themselves, which the reader may find done in Vieta and other 
analytical writeiSt are demonstrated with great facility^ by redadng the 
tnatter for the roost part to almost a sioiple work» 
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contAiii^d under ab^ ac ; for it is contained under ad, 
AC, whereof ad is equal to ab ; and the rectangle C£ is 
contained under ab, bc, since be is equal to ab. 
Therefore the rectaCngle under ab and ac, together with 
the rectangle under ab and bc, is equal to the square 
of ab. If therefore a right line, &c. q. e. d. 

Deduction, 

If a right line be divided into any number of parts^ 
the rectangles contained by the whole and each of the 

f^arts are together equal to the square of the whole 
ine. 

The same by Algebra. 

Let a equal the line ab, and suppose it divided into 
any two parts e,f\ then shall ae + af ^ a* ; for a* = e* Ax. a, i. 
+ /; miutiply by a, and we shall have ae + of = a®. 

PROPOSITION III. 

Theorem. 

If a right line be any how divided into two partSy ike 
rectangle contained under the whole line and one of its 
parts ts equal to the rectangle contained under the ttvopartSj 
together with the square of the aforesaid part.* 

Let the right line ab be divided into any two parts in 
the point c ; the rectangle ab, bc, is equal to the 
rectangle Ac, cb, together with the square 

of BC. For on BC describe* the square ^^^ ? • 46.1. 

bcde, and let ed be produced to f, and 

through A let A F be drawn ^ parallel to cd ^ 31. i. 

or be; then the rectangle ae is equal to .t—-^ 

the rectangles ad, ce, and ae is the rect- 
angle contained under ab, bc, for it is contained under 
ab, BE, whereof be is equal to bc, and ad is contained 
under ac, cb, for cd is equal to cb; and db is the 
square of bc ; therefore the rectangle under ab, bc, is 
equal to the rectangle under ac, cb, together with the 
square of bc. If therefore a right line, &c. q. e. d. 

The same by Algebra. 
Put a equal to the right line ab, and suppose it 

* In the translations of Commandine and Gregory this proposition ap- 
pears ambiguously enunciated, as no mention is made of the number of 
parts into which the right line should be cut. 
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divided into any two parts /, ^,* then is q/* = /^ H- g/) 
t Ax. 8. 1. or ff^f = ^ + §*. For a t =s / H- ^ ; multiply by/, and 
we shall nave a/ = /^ +7s 5 ^^ multiply by g, and it 
will he ag =ifg -{■ g^. Q. e. d. 

PROPOSITION IV. 

Theorem. 

If a right line be divided into any tivo parts^ the square 
of the whole line is eqtial to the squares of the two parts^ 
together with twice the rectangle contained under the parts. 

Let the right line ab be divided into any two parts in 

the point c ; the square of ab is equal to the squares of 

AC, CB, and to twice the rectangle con- ^ c -b 

■ 46. 1. tained under ac, cb. Upon ab describe* 

the square a d e b, and j oin b d, and through ^^ 

* 31.1. Q draw^ CGF parallel to ad or be, and 

through G draw hk parallel to ab or de, ^ 
and because cf is parallel to ad, and bd 

* 29. 1. falls upon them, the exterior angle bgc is equal *^ to the 
•• 5. 1. interior and opposite angle adb, but adb is equal** to 

the angle abd, because ba is equal to ad, being sides 

of a square ; wherefore the angle gcb is equal to the 

angle gbc : and therefore the side bc is equal to the side 

« 6. 1. cg.^ But also the side cb is equaH to gk, and cg to 

f 34. 1. Bi^ . wherefore the figure cgkb is equilateral ; it is also 

rectangular;* for the angle cbk is a right one, but a 

8 Cor. 46. 1. parallelogram, having one right angle, is right angled ;« 

wherefore cgkb is a rectangle ; ^Dut it has also been 

proved to be equilateral. Wherefore cgkb is a square 

described upon bc. For the same reason hf is also a 

square made upon hg, that is, equal to the square of ac. 

Wherefore hf and ck are the squares of a c and cb, and 

* 43. 1. because the rectangle ag is equal ^ to the rectangle ge, 

and AG is that contained under ac and cb, for Gc is 
equal to cb : ge shaltbe equal to the rectangle under 
AC, cB ; wherefore the rectangles ag, ge, are equal to 
twice the rectangle contained under ac, cb; and hf, 
cK, are the squares of ac, cb. Wherefore the four 
figures HF, cK, AG, GE, are equal to the squares of ac, 
CB, and to twice the rectangle ac, cfi. But hf, ck, 
AG, GE, make up the whole figure adeb, which is the 

* Dr. Siroson, and ethers, in proving the figure cgkb to be rectangular, 
gives a long demonstration ; whereas it is easily deduced from the 46th prop. 
1st Book, tliat any parallelogram having one right angle is a rectangle. 
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square of ab. Therefore the square of a b is equal to 
the squares of ac, cb, together with twice the rectangle 
contained under ac, cb. Wherefore if a right line, 8cc. 

Q. £. D. 

Deductions. 

1. The parallelograms which stand about the diameter 
of a square, are likewise squares. 

2. The diameter of any square bisects its angles. 

3. If a line be divided into two equal parts, the square 
of the whole line will be equal to four times the square 
of half the line. 

The same by Algebra. 

Put a equal to the right line ab, and suppose it 
divided into any two parts f, g ; then shall a* = J^ + 
2fg + g\ For a* =y* + g square each side, and we ♦ Ax. a, i. 
shall have a* =/* + 2/g + g*. q. e. d. 

Otherwise. 

af-f'+fg,f and ag=fg+g^; whereas af + agX\l' «• 
= a% thence is a^z=:J^ + 2fg + g\ q. e. d. + '• *' 

PROPOSITION V. 

Theorem. 

If a right line be divided into two equal parts, and two 
unequal ones^ the rectangle under the unequal parts, to^ 
getner with the square that is made of the intermediate dis- 
tance, is equal to the square made of half the line. 

Let the right line ab be divided into two equal parts 
in the point c, and into two unequal parts at the point 
d; the rectangle ad, db, together with the square of 
CD, is equal to the square cb. 

For describe* cefd, the square ofcB, and join be, • 46. i. 
draw^ DHG through d, parallel to ce or bf, and klo ** 3i. i. 
through H, parallel to cb or ef, as also ak through a 
parallel to cl, or bo. 

Now the complement ch is equal *^ to the complement* 4^* ^« 
HF ; to each of these add do, and the whole co is equal 
to the whole df, but co is equal to al, because ac is 
equal to cb; therefore al is equal to df, and adding 

PART 1. e 
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CH, trhich is common^ the whole 
AH shall be equal to fd, dl, toge- 
ther. But AH is the rectangle con- 
tained under ad, pb; for dh is 
^ Cor. 4.2. equal** to db, and fd, dl, is the 
gnomon mnx; therefore mnx is 
equal to the rectanrfe under ad, db; and if lg, being 
common, and equaP to the square of cd be added ; there- 
fore the gnomon mnx and lg are equal to the rectangle 
under ad, db, together with the square of cd ; but tne 
raomon MNX and lg make up the whole square cefb, 
1, e. the square of cb. Wherefore the rectangle under 
AD, DB, together with the square of cd, is equal to the 
square of cb. If, therefore, a right line, &c« 

Deduction. 

If a right line be divided into two unequal parts iit 
two different points, the rectangle contained by the two 
parts which are the greatest and the least, is less than 
the rectangle contained by the other two parts; the 
squares of the two former parts together are greater 
than the squares of the two latter taken together ; and 
the difference between the squares of the former and the 
squares of the latter is the double of the difference 
between the two I'ectangles. 

The same by Algebra. 

Put a equal to the line ab, e = ad^ and/* s= db* 
• Ax. 8. !• ••./= a — e* 

je = a e — c*, by multiplying by e, 
•••/^ + e* — ae = 0. 




fl« 



^ 4 
or AD • BD + CD* 5= BC*. Q. E. D. 



I 
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PROPOSITION VI. 

Theorem. 

If a right line be divided into two equal parts, and 
produced to any point, the rectangle contained under the 
whole line thus produced, and the part produced, together 
with the square of half the line, is equal to the square of 
the right line, which is made up of the half and the part 
produced. 

Let the right line ab be bisected in the point c, and 
produce it to the point n ; the rectangle ad, db^ toge- 
ther with the square of cb, is equal to the square of cd. 

For on cd describe* the square cefd, and join de ; • 46. i. 
through b draw* bhg paralkl to either ce or df ; and b 31, 1. 
through H draw klm parallel to ad or ep, as also ak 
tlirough A parallel to cl or dm. Therefore because ac 
IB equal to cb, die rectangle al shall be equal ^ to the ^ 36, u 
rectangle ch ; but ch is equal^ to hf; and therefore^ 4S. u 
al shdl be equal to hf ; and adding cm, which is com* 
mon to both, then the whole rectangle am is equal to 
the gnomon nxo. 

But am is the rectangle contained under ad, db, for 
DM is equal* to db ; therefore the gnomon nxo is equal ' ^°'*^' ^* 
to the rectangle under ad, db, and 
adding lg, which is common, i. e. 
the square of cb ; and then the rect- 
angle under ad, DB, together with 
the square of bc, is equal to the 
gnomon nxo, and lo. But the 
gnomon nxo, and lg> together, 
make up the figure cefd; that is, the square of cd. 
Therefore the rectangle under ad, and db, together 
with the square of bc, is equal to the square of cd. 
Therefore, if a right line, &c. q. e« d. 

The same by Algebra. 

Put a equal to the line ab, and e equal to the added 

ft 
line BD, then shall ae + c* + -J-a*=ia+e ; whereof 

a e + e^ is the rectangle under ad, db ; ^ a^ the square 

of CB and-}- a + e the square of cd. For a c 4- e* + 

^ a* = ^ a + e =s ae + e« + ^ a*, q. e. d. 

b2 
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Dedi(ction. 

If three right lines a, a + ^ A, a + ft, be in arithmetical 
proportion, then the rectangle contained under the ex- 
treme terms a^ a + b, together with the square of the 
difference -^ ft, is equal to the square of the middle term^ 
a + '^ b. 

PROPOSITION VII. 

Theorem. 

If a right line be any how divided into two parts^ the 
square of the whole line together with the square of one of 
the partSf is equal to double the rectangle contained under 
tlie whole line^ and the said partj together with the square 
made of the other part. . \ 

Let the right line ab be any how cut in the point c ; 
the squares of ab, bc, are equal to twice the rectangle 
under ab, bc, together with the square of ac. 

• 46. 1. For let the square a deb be described* on ab, and 
construct the figure as in the preceding propositions ; 

»» 43. 1. and because ak is equaP to ke, add to 
each ofthem cf ; the whole af is there- 
fore equal to the whole ce ; therefore 
' AF, CE, are double of af. But af, ce, 
are the gnomon klm, together with 
the square cf; therefore the gnomon 

KLM, and the square cf, will be double j]f hSfb 

of the rectangle af, or double of the 

« Cor. 4.9. rectangle under ab, bc ; for bf is equal ^ to bc To 
each of these equals, add hn, which is the square of 
AC ; then the gnomon klm, and the squares cf, hn, are 
equal to double the rectangle contained under ab, bc, 
with the square of ac. But the gnomon klm, together 
with the squares cf, hn, are equal to adeb, arid cf, 
which are the squares of ab, bc. Therefore the squares 
of AB, BC, are together double of the rectangle under 
ab, BC, together with the square of ac Therefore, if 
a right line, &c. q. e. d. 

Deductions. 

1. The square of the difference of any two lines is. 
equal to the square of both the lines less by a double 
rectangle comprehended under the said lines. 
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2. The suiK. of the squares of the sum and difference 
of two lines is equal to twice the sum of the squares of 
those lines, and the difference of the squares oi the sum 
and difference of two lines is equal to four times the 
rectangle contained by those lines. 

3. The squares of any two unequal right lines are 
together greater than twice the rectangle contained by 
those lines. 

The same by Algebra. 

Let a be put equal to the line ab, and suppose it 
divided into any two parts e, f\ then shall a* + e^ = 
2 a e -f- y^ ; whereof a* denotes the square of ab ; e* the 
square of one of its parts, viz. cb ; 2 a e, double the rect- 
angle under ab, bc ; and^*, the square of ac. For a = c 
+ / whencea«* = <>« + 2ef +>% and 2 aef = 2c« + * J; j; 
2 ef\ add this to the preceding equation, and it will be 
fl« + 2 c« + 2 efX = 2ae + e^ + 2 ef-^-J^; subtract* Ax.«.i. 
e* + 2ef from each quantity, and we shall have a* + fc*§ ^ A** ^- ^ 
z=z 2 ae +J^. Q. E. D. 

PROPOSITION VIII. 
Theorem. 

If a right line he any how cut into two parts, four times 
the rectangle^ contained under the whole line^ a?id one of the 
partSy together with the square of the other part, is equal 
to the square of the linej compounded of the whole line^ and 
the first part taken as one line. 

Let the right line ab be divided into any two parts 
in the point c ; four times the rectangle contained under 
AB, BC, together with the square of ac, is equal to the 
square uf the right line made up of ab and bc together. 

For let the right line ab be produced to d, so that 
BD is equal to bc, describe the square aefd on ad, and 
construct the double figure (as in the preceding propo- 
sitions). 

Now since cb is* equal to bd, and also to gk,^ and I }}y^' 
BD is equal to kn ; gk shall be likewise equal to kn ; 
by the same reasoning, pr is equal to ro. And since 
CB is equal to bd, and gk to kn, the rectangle ck 
will*^ be equal to the rectanscle bn, and the rectangle « 36. i, 
OR to the rectangle bn. JBut ck is equal to rn, 
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because they are the complements 
of the paralleldgram co ; therefore ^ 
also BN is equal to gr; and the h 
four rectangles bn, ck^ gr^ rn^ are 
therefore equal to another, and so 
are quadruple of the rectangle ck. 
Again, because cb is equal to bd, 
and bd to bk; that is, to cg, and 
2' cb equal to gk ; that is* to gp, 
therefore cg is equal to gp ; and because cg is equal 
to GP, and PR to ro, the rectangle ag is equal to the 
rectangle mp, and pl to rf. But mp is equal* to pl; 
for they are the complements of the parallelogram mlj 
wherefore ag is equal to rf. Therefore the four rect* 
angles ag, mp, pl, rf, are equal among themselves, and 
so are quadruple of one of them ag. And it wa& 
demonstrated that the four ck, bn, gr, rn, are quad- 
ruple of CK. Therefore the eight rectangles contaming 
the gnomon sty are quadruple of ak. And because 
ak is that contained under ab, bc ; for bk is equal to 
Bc, four times the rectangle ab, bc, is quadruple of ak. 
But the gnomon sty was demonstrated to be four times 
of AK ; therefore four times of that which is contained 
under ab, bc, is equal to the gnomon sty. To each of 
f Cor. 4. 2. these add xh, which is equaH to the square pf ac. 
Therefore four times the rectangle ab, bc, together with 
the square of ac, is equal to the gnomon sty, and the 
square xh. But the gnomon sty and the square XR 
make up the whole figure aefd, which is the square of 
AD. Therefore four times the rectangle ab, bc, together 
with the square of ac, is equal to the square of ad ; that 
is, of AB and bc added together in one line. Where- 
fore^ if a right line, &c. q. e. b. , 

Deduction. 

Upon a given right line, as an hypothenuse, to describe 
a right-angled triangle, such that the hypothenuse, 
together with the less of the two remaining sides, shall 
be double of the greater of those sides. 

The same by Algebra* 
Let a equal the line ab, and let it be divided into any 

two parts e,/; then shall 4 a/ +c* = a -f / , whereof 
4 a/ is four times the rectangle aB; bc, ^ the square of 
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AC, and a +/* the square of ad. For 2 fl/ * = a* + • ''. «• 
fr-e*. Therefore 4 a/ + e* t = a' +^^f+f* -♦*'^- 

a + / # Q. E» D. 

PROPOSITION IX. 
Theorsm. 

jy a r£^A^ line be any how cut into two equal and two 
unequal partSj then the squares of the two vneqml parts 
are^ together^ double of tlie square of the half line, and 
the square of the intermediate part. 

Let any right line ab be cut into two equal parts in 
the point c, and two unequal parts in the point d. 
The squares of ad, db, together, are double to the 
squares of AC, cd. 

For let* CE be drawn from the -b. ' 

point c at right angles to ab, which 
make equal to ac or cb, and join 

ea, eb. Also through d let^ df y^ N^ ^ sut. 

be drawn parallel to ce, and fo 
through F parallel to ab, and draw 

AF. 

Then because ac is equal to ce, the angle eac is 
equal *^ to the angle aec ; and because the angle at c is *" ^' ^' 
a right one, the other angles aec, eac, together, shall 
make ^ one right angle, and are equal to each other : ^ 32. i. 
each of them, therefore, is half a right angle. For the 
same reason are also ceb, cbe, each of them half 
right angles. Therefore the whole angle aeb is a right 
angle. And because the angle gef is half a right 
angle, and egf a right angle, for it is equal® to the ' ^^•^* 
interior and opposite angle ecb, the remaining angle 
efg is half a right angle. Therefore the angle gef is 
equal to the angle efg, and also the side eg is equal ^' 6. i. 
to the side gf. Again, because the angle at b is half 
a right one, and fdb is a right one, because it is equal 
to the inward and opposite angle ecb, the other angle 
bfd will be half a right angle ; therefore the angle at 
B is equal to the angle bfd, and the side df to the 
side DB. And since ac is equal to ce, the square of 
AC is equal to the square of ce ; therefore the squares 
of AC, ce, together, are double to the square of ac ; 
but the square of ea is equals to the squares of ac, ce, f 47. l. 
together, since ace is a right angle; therefore the 
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because they are the complements 

of the parallelogram co; therefore *^ 

also BN is equal to gr; and the m 

four rectangles bn, ck^ gr, rn, are y 

therefore equal to another, and sO 

are quadruple of the rectangle ck. 

Again, because cb is equal to bd, 

and BD to bk; that is, to cg, and 

«»Cor.4.2. CB equal to gk ; that is^ to gp, ^' ^* ^^ 

therefore cg is equal to gp ; and because cg is equal 
to GP, and PR to ro, the rectangle ag is equal to the 

• 43.1. rectangle mp, and pl to rf. But mp is equal** to pl; 
for they are the complements of the parallelogram ml ; 
wherefore ag is equal to rf. Therefore the four rect* 
angles ag, mp, pl, rf, are equal among themselves, and 
so are quadruple of one of them ag. And it waa 
demonstrated that the four ck, bn, gr, rn, are quad- 
ruple of CK. Therefore the eight rectangles containing 
the gnomon sty are quadruple of ak. And because 
ak is that contained under ab, bc ; for bk is equal to 
Bc, four times the rectangle ab, bc, is quadruple of ak. 
But the gnomon sty was demonstrated to be four times 
of AK ; therefore four times of that which is contained 
under ab, bc, is equal to the gnomon sty. To each of 

f Cor. 4. 2. these add xh, which is equal ^ to the square pf Ac. 
Therefore four times the rectangle ab, bc, together with 
the square of ac, is equal to the gnomon sty, and the 
square xh. But the gnomon sty and the square XR 
make up the whole figure aefd, which is the square of 
AD. Therefore four times the rectangle ab, bc, together 
with the square of ac, is equal to the square of ad ; that 
is, of AB and bc added together in one line. Where* 
fore, if a right line, &.c. q. e. d. , 

Deduction. 

Upon a given right Une, as an hypothenuse, to describe 
a right-angled triangle, such that the hypothenuse, 
together with the less of the two remaining sides, shall 
be double of the greater of those sides. 

The same by Algebra. 
Let a equal the line ab, and let it be divided into any 

two parts e,/; then shall iaf+e^=ia + j , whereof 
4 a/ is four times the rectangle aB; bc, ^ the square of 
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line BF falls upon the parallels ec, fd, the angles cef, 
EFD, are equal *^ to two right angles. Therefore the' *^«^« 
angles feb, efd, are less than two right angles. But 
li^t lines making with a third line angles together 
less than two right angles being infinitely produced will 
meet.** Wherefore eb, fd, produced, will meet t()-*i«Ax. 
wards the parts b, d. Let them be produced and meet 
in the point g, and let ag be drawn. 
Then because ac is equal to ce, and 
the angle aec shall be equal to the 
an^le eac.^ But the angle at c is a 
right one ; therefore the angle eac 
or aec is half a right one. By the 
same reasoning the angle ceb or ebc 
is half of a right one. Wherefore aeb is a right angle, 
and since ebc is half a right angle, dbg wilF also be ' 15. i. 
half a right angle, since it is vertical to cbe. But bdg 
is a right an^e also, for it is equal to the alternate 
angle dce. Wherefore the angle dbg is equal to the 
angle dgb. And thence in the triangle dbg the sides 
Bn, DG, are equal. Again, because the right lines 
bd, ef, are parallel, and the right line eg mils upon 
them, the angle dbg will be equal to the angle gef, 
and in the same manner gbd will be equal to egd. 
Wherefore the angles gef, egf, are equal, and in the 
triangle fge the side gf is equals to the side ef. And ^ 6. i. 
since ec is equal to ca, and the square of ec equal to 
. the square ca, therefore the squares of ec, ca, to- 
gether, are double of the square ca. But the square 
of EA is equal** to the squares of ec, ca, and conse-*' 47. i< 
quently double of the square of ca. Again, because ef 
is equal to gf, the square of gf also is equal to the 
square of fe.. Wherefore the squares of gf, fe, are 
double to the Square of fe. But the square of eg is^ 
equal to the squares of gf, fe. Therefore the square 
of eg is double to the square of ef, but ef is equal to 
CD. Wherefore the square of eg shall be double to 
the square of cd. But it was proved that the square of 
EA is double of the square of ac ; therefore the squares 
of AE, EG, are double of the squares of ac, cd. And 
the square of ag is equal'* to the squares of ae, ge. 
But the squares of ad, gd, are equal ^ to the square of 
ag; therefore the squares of ad, dg, are double of 
the squares of ac, cd. But dg is equal to db ; there- 
fore the squares of ad, db, are double of the squares 
of Ac^ CD. Wherefore if a right lihe^ Sec. q. e. d. 
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The same ly Algebra. 

Put a for the line ab, and b for the added line bd, 
thenshall6« + a* + 2ai + i^ = ^a* + ia* + 2ai + 

t 4. 2, 2 i*. For 2 . i a** = ^ a% and 2 . 4- a + 6 t = 4- a« 
+ 2 6* + 2 a 6. Q. E. D. 

PROPOSITION XL 
Problem. 

To cut a given right line into two parts so that the 
rectangle which is contained under the whole line and one 
part may be equal to the square made of the other part* 

Let AB be a given right line. It is required to cut it 
so that the rectangle contained under the whole line 
and one part may be equal to the square made of the 
other part. 

• 46. 1. Let the square abcd be described* on jg 

AB, bisect AC in E, and draw be ; then 
CA being produced to f so that be may- 
be equal to ef ; and on af let the 
square afgh be described, and gh pro- 
duced to K. AB is cut in h so that the 
rectangle under ab, bh, is equal to the 
square of ah. 

For since the right line ac is bisected 
in E, and af is added directly thereto, 
the rectangle under cf, fa, together with the square 

^ 6. 2. of AE, shall be equal** to the square of ef ; but ef is 
equal to eb ; therefore the rectangle under cf, fa, to- 
gether with the square of ae, is equal to the square 

« 47. 1, made on eb. But the squares of ab, ae, are equal *^ to 
the square of eb, for the angle at a is a right one : 
therefore the rectangle under cf, fa, together with 
the square of ae, is equal to the squares of ba, ae ; 
and if the square of ae, which is common, be taken 
away, the remaining rectangle under cf, fa, is equal 
to the square of ab. But fk is the rectangle under 
CF, FA ; for AF is equal fg, and the square of ab is 
ad. Therefore the rectangle fk is equal to the square 
of AD. And if AH, which is common, be taken away, 
therefore the remaining fh is equal to the remaining 
HD. But HD is the rectangle under ab, bh, for ab is 
equal to BD, and fh is the square of ah. Therefore 
the rectangle ab, bh, shall be equal to the square of 

AH, And so the giren right line ab is cut in n, so 
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that the rectangle under ab, nn, is equal to the square 
of AH. Which was to be done. 

PROPOSITION xn* 

Theobem. 

In obtuse angled irian^les^ the square of the side sub'" 
tending the obtuse angle ts greater than the squares^ which 
are made by the sides containing the obtuse angle by tunce 
the rectangle contained under one of the sides, tvktch are 
about the obtuse angle^ viz, that on which produced the 
perpendicular falls, and tlie line taken without between tJie 
perpendicular and obtuse angle. 

Let ABC be an obtuse angled triangle, having the 
obtuse an^le bag, and draw irom the point b the per- 
pendicular BD to CA produced. The square of bc is 
greater than the squares of b a, ac, by twice the rectangle 
which is contained under ca, ad. For because the 
right line cd is any how cut in the point b * 4* S« 

A, the square of cd shall be e^ual* to the 
squares of ca, ad, and to twice the rect- 
angle AC, AD. To each of these equals 

add the square of db. Therefore the 

squares ot cd, db, are equal to the ^ a i> 

squares of ca, ad, and twice the rectangle ca, ad. 
But the square of cb is equal* to the squares of cd, db, ^ ^'^' ^* 
for the angle at d is a right one, since bd is perpei^ 
dicular, and the square of a b is equal* to the squares 
of AD, DB. Therefore the square of cb is equal to the 
squares of ca, ab, and twice the rectangle under ca, 
AD. Therefore the square of cb is greater than the 
squares of ca and ab by twice the rectangle contained 
under ca, ad. Therefore in obtuse angled triangles, 

&C. Q. £. D. 

Tlie same by Algebra. 
Put a = CB, b = CA, c = AB, d = db, and e = 

AD. 

Then a^ = *cP + 6+1' * *^; ^• 

= t* + i' + 2i<? + e^ **'*• 

=: b'^ + 2be + c\ 
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PROPOSITION XIII. 
Theorem. 

In acute amled triangles^ the square of the side sub- 
tending any of the acute angles is less than tlie squares of 
the sides containing the acute angle, by twice a rectangle 
under one of the sides about the acute angle^ viz* on which 
tlw perpendicular falls, and the line assumed within the 
triangle from the perpendicular to the acute angle. 

Let ABC be any acute angled triangle having an 

• i«. 1. acute angle at b, and from the point a draw* ad per- 

pendicular to BC. The square oi ac is 
less than the squares of ab, bc, by 
twice the rectangle contained under 
bd, bc. For since the right line bc 
is any how cut in the point d, the 
fc r. «. squares of bd, bc, shall be equal** 

to twice a rectangle under cb, bd, together with the 
square of Dc. And if the square of ad be added to 
both, then the squares of cb, bd, and da, are equal 
to twice the rectangle under cb and bd, together 
with the squares of ad and dc. But the square of 

• 47. 1. AB is equal to the squares of bd, da,*^ for the angle 

at D is a right one. And the square of a c is equal ^ to 
the squares of ad, dc. Therefore the squares of cb 
and BA are equal to the square of ac together with 
twice the rectangle under cb and bd. Wherefore the 
square of ac only is less than the squares of cb and ba, 
by twice the rectangle under cb and bd. Therefore 
in acute angled triangles, &c. q. e. d. 

This proposition will hold true in obtuse and right 
angled triangles as well as acute, as may be perceived 
by the following demonstration. 

Let ABC be an obtuse angled triangle, and the per- 
pendicular fall without the triangle, as ad. For smce 
bd is divided into two parts in the 
point c, the squares of bc, bd, are 
equal** to twice the rectangle of bc, 
BD, together with the square of dc. 
And if to each of these equals there 
be added the square of a d, the squares 
of CB, BD, and ad, will be equal to twice the rectangle of 
BC, BD, together with the sum of the squares of ad, 
DC. But the squares of bd^ ad^ are equal to the square 
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47.1. 



of AB, and the squares of ad, dc,* to the square of AC ; • ^f* ^ 
whence the square of a c is less than the sum of the 
squares of bc, ba, by twice the rectangle bc, bd. 

Again, if the side ac be perpendi- 
cular to BC, then is bc the right line a 
between the perpendicular and the acute 
angle at b ; and it is manifest that the 
squares of ab, bc, are equaF to the 
square of Ac and twice the square of bc b 

Q. £. D. 

The same by Algebra. 

Put a = BC, 6 = ab, c = AC, d 
and /= AD. 

Thenc« = c* H-/'* 

butc« + d'^ = 2cd + e«t' 

= 2 cd + a^ — /* 
.-. a* + 2cd = c* + d* +/* 




= BD, e = DC, 



♦ 47. 1. 
t 7. «. 



= C 



« + 6« * 



PROPOSITION XIV. 

Problem. 
To describe a square equal to a given right lined Jigure. 

Let A be the given right lined figure. It is required 
to describe a square equal thereto. 

Describe* the right angled parallelogram bcde equal ' ^* ^* 
to the right lined figure a. Then if be is equal to ed, 
what was proposed will be done, for the square bd is 
described equal to the given right lined figure a. But 
if be, ED, are unequal, produce one of them to f, and 
make ef equal to ed. Then bf being bisected in g, 
about which as a centre with the distance gb or gf, 
describe the semicircle bhf, and let de be produced to 
H, and draw gh. Now because the right line bf is 
bisected at g, and divided into two unequal parts in e, 
the rectangle under be, ef, together with the square of 
eg, will be equal ^ to the 
square of gf. But gf is 
equal to gh. Wherefore 
the rectangle under be, 
EF, together with the 
square of ge, is equal to 
the square of gh. But 
the squares of he, ge, are equal *^ to the square of gh : • 47. i, 
therefore the rectangle under be, ef, together with the 
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square of oE| is equal to the squares of he^ ge ; take 
away the square of ge from both, then the remaining 
rectangle under be, ep, is equal to the square of eh. 
But the rectangle under be, ef, is the parallelogram 
BD^ because ef is equal to ed : therefore the parallelo- 
gram BD is equal to the Square of he. But the 
parallelogram bd (by const.) is equal to the right lined 
figure A : therefore the right lined figure a will be equal 
to the square of eh. Wnich was to be done. 

Dediiction. 

To find a line d, the square of which shall be equal 
to the sum of the rectangles ab, ac, bc : a, b, c^ 
being three given lines. 

lo the demonstratioii of this, Dr. Keil, in bis edition, lias the words, 
*< but if it be not, let either bb or ex> be the greater, suppose bb, which 
let be produced to r" as if it was of any conseqaencey as Dr. Simson 
observes, whether the greater or less be produced } instead of these words 
there ought to be read, " But if they are not equal, produce one of them to 
r" as in the Oxford edition of Comnandine. 
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DEFINITIONS. 



1. Equal circles are those of which the diameters are 
equal, or from the centres of which the right lines 
drawn to the circumferences are equal. 



2. A right line is said to touch a circle, 
which, touching the circle, and produced, 
does not cut it. 



3. Circles are said to touch one another, which touch- 
ing do not cut one another. 

4. Right lines are said to be equally 
distant from the centre of a circle, when 
the right lines drawn from the centre per- 
pendicular to them are equal. 

5. And that right line on which the greater perpen- 
dicular falls, is said to be further from the centre. 

6. A segment of a circle is the figure 
contained both by the right line and the 
circumference of the circle it cuts off. 

?• The angle of a segment is that which is contained 
by a right line and the circumference of the circle. 
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8. The angle in a segment is, when 
some point is taken in the circumference, 
and from it at the ends of a right line, 
which is the base of the segment, right 
lines are joined, the angle contained by 
the right lines being joined. 

9. When the right lines containing an angle assume 
some circumference, the angle is said to stand upon the 
circumference. 

10. The section of a circle is, when the 
angle is placed at the centre of a circle, the 
figure contained by the right lines contain- 
ing the angle and the circumference between 
them. 

11. Similar segments of a cir- 
cle are those in which the angles 
are equal to one another, or fy^ \\ />^^^\\ 
which contain equal angles. ^ -i \^ — -^ 
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PROPOSITION !.• 
Problem, 
To find the centre of a ^wen circle. 
Let ABC be the given circle; it is required to find the 
centre of the circle abc. Draw in it anyhow the right 
HneAB; which bisect' in the point d. From the point ' ' 
D draw'' DC at right angles to A b, and produce it to e ; "■ ^ 
and bisect' ce in f. Then is f the centre of the circle 
ABC. For if it be not ; let g be the centre, if it be pos- 
sible, and join ga, gd, rb. Therefore since da ia equal 
to DB, and DG common; the two ad, dg, are equal to 
the two Dfl, GD, each to each; and the base ga is 
equal to the base gb; for they are from 
the centre g. Therefore the angle adg 
is equal** to the angle gdb. But when a 
right line standing on another right line I 
makes the adjacent angles equal to one 
another, each of them is a right angle.' 
Therefore the angle gdb is a right angle ; it 

the angle fdb is also a right angle ; therefore the angle 
fdb is equal to the angle gdb, the greater to the less, 
which is impossible. Wherefore o ia not the centre of 
the circle abc. In like manner it maybe demonstrated 
that none other than f is the centre. Wherefore f is 
the centre of the circle ABC. q. e. f. 

CoROLLAEV. 

If in a circle a right line bisects another right line at 
right angles, the centre of the circle shall be in the cut- 
tiug line. 

PROPOSITION II. 

Theorem. 

If in tlie clraimference of a circle, any two points are 
taken, the right line whichjoins them shall fall within the 
circle. 

Let ABC be a circle ; in its circumference take any 
two points A,i!. The right line a a, which is drawn from 
A to R, falls within the circle. For in the right line ab 
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take any point e; join da, de, db; and in de pro- 
duced, if necessary, take df equal to da or db. 
Because da is equal to db, the angle dab will be equal ■ 
to the angle dba, and because the side ae of the trian- 
^ i6.i. gle DAE IS produced, the angle deb will be greater** 
Sian the angle dae ; but the angle dae is equal to the 
angle dbe ; wherefore the angle deb 
is greater than the angle dbe. But the 
greater side is subtended by the greater 
angle ; wherefore also df, which is taken 
equal to db, is greater than de. There- a^ 
fore the point e necessarily lies between 
the points d, f. But because db, df, 
are equal, the point f will be at the circumference of 
the circle. Therefore the point e must fall within the 
circumference of the circte. In like manner it can be 
demonstrated that of every other point of the right line 
AB, between the points a, b, is within the circumfe- 
rence of the circle. If, therefore, in the circumference 
of a circle, &c. q . e. d. 

PROPOSITION in. 
Theorem.* 

If in a circle a right line drawn from the centre bisects 
another right line not dratvn through the centre, it will also 
cut it at right angles; but if it cuts it at right angles^ it 
shall also bisect it. 

Let ABC be a circle, and in it a right line cd drawn 
through the centre, which bisects the right line ab, not 
drawn through the centre in the point f. It will cut it 
at right angles. Find the centre* of the circle abc, 
which let be e, and join ea, eb. Therefore because 
AF is equal to fb, and fe common, the two af, fe, 
are equal to the two bf, fe, and the base ea is equal 
»» 8. 1. to the base eb. Therefore also the angle ^ afe will 
be e^ual to the angle bfe. But when a right line 
standmg on a right line makes the adjacent angles 

* The truth of this theorem is evident from a consideration of the first, for 
as the construction of that problem is effected by drawing a right line divid- 
ing the same into two equal parts, and from the point of bisection drawing 
' another line perpendicular to the former ; also, as it is clearly demonstrated 

that to assume any other point as the centre which is not in the perpendicular 
would be absurd, it follows conversely that the right line passing through 
the centre bisects another line not passing through the centre, must, cut it at 
right angles, and, on the contrary, if it cut it at right angles, it must bisect it. 
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equal, then each of the equal i 
is a right' angle; therefore afe, bf 
are right angles. Wherefore the rig] 
line CD drawn through the centre, 
bisecting the right line ab not drawn / 
through the centre, it will also cut it 
at right angles. But if cd cut ab at -U 

right angles, it also bisecf^s it ; that is, af is equal to tb. 
For, by the same construction, because ea, which is 
from the centre, is equal to eb, the angle eaf will be 
equal to the angle'' ebf, but the right angle afe is also j 
equal to the right angle bfe ; therefore the two tri- 
angles EAF, EBF, have two angles equal, each to 
each, and one side equal to one side ; namely, the 
side EF common to the two triangles, which is sub- 
tended by one of the equal angles. Therefore they 
will have the remaining sides equal to ' the remain- ' 
ing sides, and af will be equal to fb. If, therefore, 
in a circle a right line drawn through the centre 
bisect another right line which is not drawn through 
the centre, it will also cut it at right angles, and if it 
cut it at right angles, it will also bisect it. q. e. a. 

Deduction. 

If a right line drawn through the centre of a circle 
bisect any number of right fines which do not pass 
through the centre, tJie lines shall be parallel to one 
another. 

PROPOSITION IV. 
Theorem. 

If in a circle Iwo right lines cut anotlier, which are not 
drawn through the centre, they shall not bisect one another. 

Let ABC be a circle, and in it draw two right lines ac, 
BD, which cut one another in the point e, and are not 
drawn through the centre. They do not 
bisect each other. For if it be possible 
let them bisect each other, so that a e be 
equal to ec, and be to En, and ftnd the ^ 
centre" of the circle abcd, which let be 
F, and join ef. Therefore because the 
right hne fe drawn through the centre 
bisects another right line ac, which is not drawn through 
the centre, it will cut it at right'' angles; wherefore 
FEA is a right angle. Again, because the right line fe 
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bisects another right line bd, which does not pass 
through the centre, it will also cut it at right angles ; 
therefore feb is a right angle. But fea was shown to 
be a right angle. Wherefore the angle fea will be 
equal to the angle feb, the less to the greater, which is 
impossible. Therefore ac, bd, do not bisect each other. 
Wherefore if in a circle two right lines, 8ic. q. e. d. 

PROPOSITION V. 

Theorem. 

If two circles cut one another^ they shall not have the 
same centre. 

For let the two circles abc, cdg, cut one another in 
the point c. They have not the same centre. For if it 
be possible, let e be the centre, and ^ 
join EC, and in the circumference cod 
take any point 6, which is not common 
to both circumferences, eg joined will 
cut the circumference acb m f. Be- 
cause E is the centre of the circle abc, ^ 
EC will be equal to ef, and because e 
is the centre of the circle cdg, ec will be equal to eg ; 
but EC was shown to be equal to ef : wherefore ef will 
be equal to eg, the less to the greater, which is impossi- 
ble. Therefore the point e is not the centre of the 
circles abc, cdg. Wherefore if two circles, 8Cc. q.e.d. 

PROPOSITION VI. 

Theorem. 

If two circles touch one another internally , they shall not 
have the same centre. 

For let the two circles abc, cde, touch one another 
internally in the point c. They have 
not the same centre. For if it be pos- 
sible, let F be the centre, and join fc, 
and in the circumference abc take 
any point b, which is not common to 
both circumferences, f b j oined shall 
meet the circumference ecd in e. 
Therefore because f is the centre of the circle abc, cf 
is equal to fb. Again, because f is the centre of the 
circle cde, cf will be equal to fe. But cf was shown 
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to be equal to Fb ; wherefore vR is also equal to fb, 
the less to the greater, which is impossible. Therefore 
the point f is not the centre of the circles abc, cde. 
Wherefore if two circles, Btc. q. e. d. 

PROPOSITION vn. 

Theobeh. 

If' in tite diameter of a circle any point be taken which is 
not the centre of' the circle, and from it any ri^ht lines be 
let fall in the circle, the greatest will be that m which the 
centre is, and the remainder the least ; but of all the others, 
that which is nearer to that which passes through the centre 
is greater than that which is more remote, and only two 
equal right lines from the same paint can be drawn m the 
circle one on each side of the least. 

Let ABCD be a circle whose diameter is ad, and in 
AD take any point f, which is not the centre of the 
circle ; and let e be the centre of the 
circle, and from the point f in the 
circle abcd draw any right lines fb, 
Fc, FG : FA is the greatest, and pn 
the least; but of the others, fb is 
greater than fc, and fc greater than 
FG, For join be, ce, GE; and be- 
cause two sides of every triangle arg 
greater than the third ; be, Ef, will be greater than bf. 
But AE is equal to be ; wherefore be, ef, are equal to 
af; af is therefore greater than fb. Again, because 
BE is equal to cE, and pe common, the two be, ep, are 
equal to the two ce, ef, but the angle bgf is greater 
than the angle cef ; therefore the base "bf is greater " **■ i 
than the base fc. For the same reason cf is also 
greater than fg. Again, because gf, fe, are greater'' '' '^o. i 
than GE, but ge is equal to e o ; gf, fe, will be greater 
than EUjtake away the common part fe ; therefore the 
remainder gf is greater than the remainder fd. There- 
fore FA is the greatest, and fd the least; also bf is 
greater than fc, and fc limn fg. And from the point 
F only two equal right lines can be let fall into the circle 
ABCD, one on each side of the least fd. For at the line 
EF at the given point Ein it, make " the angle hef equal' *^' 
to the angle feg ; and join fh. Therefore because ge 
is equal to eh, and ef common, the two ge, ef, are 
equal to the two he, bf, and the angk gef is equal 
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•" **^' to hef; therefore the base fg** will be equal to the 
base FH. From the point f no other right line can be 
let fall in the circle equal to fg. For if it be possiUc 
let FK fall, and because fk is equal to.FO, and fh ift 
equal to fg, fk will be also equal to fh, viz. a right 
line nearer to that which passes through the centre is 
equal to that which is more remote, which is impossible. 
If, therefore, in the diameter of a circle, &c. q. £• d. 

Deduction. 

If two equal right lines in a circle meet in a point 
which is not the centre, then the right line which passes 
through the centre and that pomt bisects the angle 
contamed by the two equal right lines. 

PROPOSITION VIII. 

Theorem. 

Ifwithmit a circle any point be taken^ and from it anjf 
right lines be draiun to the circle^ one of which passes 
through tlie centre^ and the others any how ; of those whkk 
fall on the concave circumference the greatest is that which 
passes through the centre ; and of the other s^ that which is 
nearer to that which passes through the centre is greater 
than that which is more remote ; and of those which faU 
on the convex circumference^ that is the least which lies 
between the point and the diameter ; and of the others^ 
that which is nearer to the least is less than that which is 
more remote^ and from that point only two eqtud right 
lines can be drawn to the ctrclcj one on each side of the 
least line. 

Let ABC be a circle, and without it take any point d ; 
and from it draw to the circle certain right lines da, de, 
DF, DC ; and let da pass through the 
centre. Of those which fall on the 
concave circumference, aefc, da is 
the greatest, which. passes through the 
centre, and the least is that which lies 
between the point d and the diameter 
AG ; namely, dg ; but de is greater than 
DF, DF greater than dc, and of those 
which fau on the convex circumference 
hlkg, that which is nearer to dg the 
least is always less than that which is 
more remote; that is, dk is less than dl, and dl than 
• 1. 3. DH^ Pqj fjjj^d Ithe centre* of the circle abc Which let 
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be M, and join me, mf, mc, mh, ml, mk. And because 
AM is equal to me, and md is common ; wherefore ad 
is equal to em, md; but em, mh, are greater" than ilu.^ lo.i. 
Wherefore ad is also greater than ei>. Again, because 
ME is equal to mf, add md, which is common, em, md, 
will be equal to Mr, md, but the angle emd is greater 
than the angle fmu; therefore the base eu will be 
greater than the base fd. In like manner we may 
demonstrate that fa "^ is also greater than cd. There- ' ^*- ^■ 
fore DA is the greatest, but de is greater than df, and 
DFthannc. Moreover, because mk, kd, are greater 
than MD, and mk is equal to mg, the remainder kd'' '' Ai. 4, i 
will be greater than the remainder gd : wherefore gd is 
less than ku. And because in one side mu of the 
triangle mld two right lines are drawn within it, viz. 
MK,' KD, these will be less than ml, ld, of which mk ' ^'- '• 
is equal to ml ; the remainder, therefore, DK,is less than 
the remainder dl. In like manner we may show that 
DL is less than dh. Wherefore ijg is the least, but dk 
less than dl, and dl less than dh. Also only two 
eqmil right lines can be drawn from the point D on each 
sideofthe leastline. Make at the right line md at the 
given point m in it, the angle dmb equal to the angle 
KMU,f and join db. Therefore because mk is equal to ' 83. i. 
MB, and MD common, the two km, md, are equal to the 
two BM, MD, each to each, and the angle kmii is equal 
to the angle bmd ; the base, therefore, dk,* is equal to • 4, i. 
the base db. From the point d no other right line can 
fall on the circumference equal to dk. For if it be 
possible, let dn fall, and because dk is equal to dn, 
und DK to DB, db will be also equal to dn ; that is, that 
which is nearer is equal to that which is more remote, 
which has been proved to be impossible. Therefore if 
without a circle, &.C, q. £. d. 

PROPOSITION IX.* 
Theorem. 

If within a circle any point be taken, and j'tom it more 
than two equal right lines are drawn to the circumference, 
t he point so taken will be the centre of the circle. 

For within the circle abc, take any point d, and from 
the point d let more than two equal right lines da, db, 

• An ttifimiBLive denionslraUon niaj be, and is, giren 1u Ihis in many 
odiliunsoflliuElomenIs; the prcscnl one, rIUioubIi il posscsMJ iiol that 
odvanlagc, I deemed picferable bulh fur conriienuaa and simplicily. 
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DC, be drawn to the circle. The point d which is 
taken is the centre of the circle abc. 
For if noty if it be possible, let e be 
the centre, and join de in f, and pro- 
duce it to 6 ; wherefore fg is the dia- 
meter of the circle abc. Therefore, 
because in fg, the diameter of the circle 
ABCy any point d is taken which is not 
the centre of the circle abc, dg will be the greatest, 
and Dc*^ greater than db, and db than da ; but db,^ 
DC, DA, are also equal, which is impossible; wherefore 
£ is not the centre of the circle abc. In like manner 
we can show that no other point than d is the centre* 
Wherefore d will be the centre of the circle bc. q. e. d. 

PROPOSITION X. 

Theorem. 

One circle cannot cut another in more points than two. 

For if it be possible, let the two circles abc, dec, cut 
one another in the b, c, e. Join cb, ce. And let the 
right line cb be bisected in the point o, and from the 
point 6 draw the perpendicular 
Fight line gh. Let ce also be 
bisected in the point k, and from 
the point k draw the perpendicular 
KL. The two right lines gh, kl^ 
drawn perpendicular to the two 
CB^ CE, which are not parallel, are themselves not pa- 
rallel to one another. Therefore they will meet. Let them 
meet at m. Now since the points, b, c, are at the cir- 
• 2,3. cumference of the circle abc, the right line cb* will 
be within the circle. But the right line hg bisects 
the right line cb described in tlie circle abc, and 
^ Perconfl. {^ Jg at right** angles to it. Therefore the centre of 
« Com. 3. the circle abc will be in the right line gh.*^ For 
the same reason the centre of the circle abc will be 
in the right line kl, which bisects the line ce drawn 
in a circle and at right angles. Therefore the centre of 
the circle abc is a point common to the two right lines 
gh, kl. But of these right lines, m is the only com- 
mon point of meeting. The point m is, therefore, the 
centre of the circle abc. But in like manner we show 
that the same point m is the centre of the circle 
dbc, at whose circumference there are three points 
Ex hyp. B, c, e,** in common with the circumference of the other 
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ABC. Therefore m is the common centre of the two 
circles abc^ dbc^ which cut one another; which is 
absurd.* Therefore the two circles abc, dbc, do not* 5.3. 
cut one another at the points b, c^ e. For the same 
reason y neither can they do it in any other three. 
Therefore one circle, &c. q. e. d. 

PROPOSITION XL 

Theorem. 

If two circles touch one another inwardly^ and their 
centres be taken, the right line which joins their centres 
bein^ produced, will fall at tlie point of contact of the 
circles. 

For let the two circles abc, ade, touch one another 
internally at a, and find the centre of the circle abc, 
which let be f, and o the centre of the circle ade. The 
right line drawn from the point f to g, if 
produced, will meet at the point of con- 
tact A. For if not, if it^be possible, let it 
fall as FGDH, and join af, ag . Therefore, 
because ag,* gf, are greater than af, ^ ^^^^^ J * 20. t. 
that is, than fh, for fa is equal to fh, 
both being from the same centre. Take 
away the common part fg, therefore 
the remainder ag is greater than the remainder gh, 
but AG is equal to gd; wherefore gd is greater than 
GH, the less to the greater, which is impossible. There- 
fore the right line drawn from the point f to o does not 
fall beyond the point 'of contact a, wherefore it must 
necessarily fall in.it. Wherefore if two circles, &c. 

Q. £. D. 

PROPOSITION XII. 

Theorem. 

If two circles touch one another externally , the right line 
joining their centres will pass through the point of contact. 

For let the circles abc, ade, touch one another 
externally at the point a, and find the centre of the 
circle abc, which let be f, and g the centre of the 
circle ade. The right line drawn from the point f 
to G will pass through the point of contact a. For 
if it does not, if it be possible, let it fall as'FCDG, 




• 11.3. 
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and join fa^ ag. Because, 
therefore^ f is the centre of 
the circle abc, af will be 
equal to fc. Again, because 
6 is the centre of the circle 
ADE, AG will be equal to gd. 
But AF was shown to be equal to fc ; fa, ag, are there- 
fore equal to fc, dg ; therefore the whole fg is greater 
■ *<>• 1. than fa, ag, but it is also* less, which is impossible. 
Therefore the right line drawn from the point f to o 
does not pass elsewhere than through the point of con* 
tact A ; wherefore it must necessarily pass through it. 
If therefore two circles, &c. q. e. d. 

PROPOSITION XIII. 

Theorem. 

One circle cannot touch another in 9nore points than one, 
whether it touches it on the inside or outside. 

For if it be possible let the circle abdc toucli the 
circle ebfd in the first place in the inside in more points 
than one b, b. And nnd g the 
centre of the circle abdc, and h 
the centre of the circle ebfd. 
The right line drawn from g to h 
will pass through the points b,* d. 
Let it fall as bghd. And be- 
cause G is the centre of the circle 
ABDC, BG is equal to gd ; therefore bg is greater than 
HD ; much more therefore is bh greater than hd. 
Again, because h is the centre of the circle ebfd^ bh 
is equal to hd. But it has been shown to be much 
greater than it, which is impossible. One circle, there- 
fore, cannot touch another internally in more points 
than one. Neither can it externally. For if it be pos- 
sible, let the circle ack touch the circle abdc exter- 
nally in more points than one in a, c, and joip ac. 
Therefore because any two points are taken in each of 
the circumferences olFthe circles abdc, ack, the right 

>» 2.3. line joining these points^ shall pass within each of the 
circles. !But because it falls within abdc, it must fall 

« SDef.s. without ACK,*^ which is absurd. Therefore one circle, 
&c* Q. E. D. 
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PROPOSITION XIV. 

Theorem.* 

In a drcle equal right lines are equally distant from the 
centre^ and those which are equally distant from the centre 
are equal to another. 

Let ABDC be a circle^ and in it the two equal right 
lines AB, CD. They are equally distant from the centre. 
For find the centre of the circle abdc, 
which let be e, and from it draw ef, eg, 
perpendicular to ab, cd, and join ae, ec. 
Therefore because the right Hne ef drawn 
through the centre cuts the right line ab, 
which is not drawn through the centre at 
right angles, it shall bisect* it ; wherefore " ^ • 3.S. 
AF is equal to fb, and consequently ab is double of 
AT. For the same reason cd is also double of cg, and 
AB is equal to cd; therefore also af is equal to CG,and 
because ae is equal to ec, the square of ae will be equal 
to the square of ec, but the squares*' of af, fe, are equal ^ 47. i. 
to the square of ae ; for the angle at f is a right angle, 
but the squares of eg, gc, are equal to the square of 
EC, for the angle at g is a right angle. Therefore the 
squares of af, fe, are equal to the squares of cg, ge, 
of which the square of af is equal to the square of cg, 
for AF is equal to cg. Therefore the remaining square 
described on fe is equal to the remaining square de- 
scribed on EG, and consequently fe is equal to ;eg. 
But in a circle right lines are said to be equally distant 
from the centre when the perpendiculars drawn to them 
from the centre are equal. Wherefore ab, cd, are 
equally distant from the centre. But if ab, cd, be 
equally distant from the centre ; that is, if fe be equal 
to EG, Ab is equal to cd. For the same construction 
being made, it may be shown in like manner that ab is 
double of AF ; and cd the double of cg. And because 
AE is equal to ec, the square of ae will be equal to the 
square of ec, and the squares of ef, fa, are equal to 
the square of ae. Therefore the squares ef, fa, are 
equal to the squares eg, gc, of which the square of ef is 

* Legendre's demonstration of this, as given in his Elements of Geometry, 
is deficient ; for he says, bisect the chords ab» cd, by perpendiculars ef, kg ; 
but be has no where proved that ef, eg, bisecting the lines ab, cd, toill bet 
perpendiculars; with this exception, his method is much shorter and prefer- 
able to that of Euclid. 
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equal to the square of eg, for eg is equal to ef ; there- 
fore the remaining square of A F is equal to the remain- 
ing square of cg; wnerefors af is equal to cc. But 
AB is the double of af, and cd the double of cc. 
Therefore ia a circle, See. q. e. d. 

Deductions, 

1. If two isosceles triangles be of equal altitudes, 
and have a side of the one equal to a side of the other, 
then shall their bases be equal. 

2. There can only be drawn two equal right lines id 
a circle which are parallel to one another. 

PROPOSITION XV. 
Theorem.* 

In a circle the greatest line is the diameter, but of the 
other tines, that which is nearer to that which passes 
through the centre is greater than that which u more remote. 

Ler ABCD be a circle, of which ad is the diameter, 
and E the centre, and let bc be nearer to the diameter 
AD, but FG more remote, AU is the greatest, and bc 
greater than pg. For draw eh, ek, from the centre e, 
perpendicular to BC, fg. Aud because bc ia nearer to 
that which passes through the centre, and fg more 
remote, ek will be greater than eh." Make el equal 
to EH, and through L draw Lu, at right angles to 
EK, and produce it to N. And join em, en, ef, eg. 
Therefore because eh is equal to el, 
MM will be also equal to bc* Again, 
because ae is equal to em, and de 
to EN, AD will also be equal to me, 
EN ; but ME, en, are greater than 
MN. Wherefore also ad is greater 
thim MN, and hn is equal to bc. 
Wherefore ad will be greater than 
BC. Because the two em, en, are ^ 

equal to the two fe, eg, and the angle men greater 
than the angle feg, the base mn will be greater than 
the base fg. But mn has been shown to be equal to 

' Tbe canTene of dib proposition ii Dot added, ai itii neremsed inan; 
pall of Ihe Elementa : it was neceuary lo prove in Ihc 141b Ihal riatat linei 
equally diitant from the cenbe an equal to one anatbei, becauM il ia em- 
idoycd in Ibie pruposition. 
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Bc ; wherefore also bc is greater than fg. Therefore 
AD, the diameter^ is the greatest^ and bc is gres^ter 
than FG. Wherefore in a circle, &c. q. e. d. 

PROPOSITION XVL 

Theorem. 

(Extracted from Dr. Simson's Edition.) 

The right line drawn at right angles to the diameter of 
a circle jrom the extremity qf^ it falls without the circle ; 
and no right line can be drawn between that right line and 
the circumferejice Jrom the extremity so as not to cut the 
circle ; or^ which is the same thing, no right line can 
make so great an acute angle with the diameter at its ex- 
tremity, or so small an angle with the right line at right 
angles to it^ as not to cut the circle. 

Let ABC be a circle, the centre of which is d, and 
the diameter ab, the straight line drawn at right angles 
to AB from its extremity a, shall fall 
without the circle. For if it does 
not, let it fall if possible within the 
circle, as ac, and draw do to the 
point c, where it meets the circum-' ^j 
ference. And because da is equal 
to DC, the angle dac is ecjual to the 

angle a c d ; * but d a c is a right angle, ^" • — • 5. i. 

therefore acd is a right angle, and the angles dac, 
A CD, are therefore equal to two right angles, which is 
impossible.^ Therefore the straight line drawn from a b 17. 1. 
at right angles to ba does not fall within the circle. 
In the same manner it may be demonstrated, that it 
does not fall upon the circumference, therefore it must 
fall without the circle, as ae. And between the same 
straight line ae, and the circumference, no straight 
line can be drawn from the point a which does not cut 
the circle. For, if possible, let fa be between them, 
and from the point d draw dg*^ perpendicular to fa, and * 12. 1. 
let it meet the circumference in h. And because agd 
is a right angle, and dag less than a right angle, da is 
greater than* dg,^ but da is equal to dh. Therefore «« i9. 1. 
DH is greater than dg, the less than the greater, which 
is impossible. Therefore no straight line can be drawn 
from the point a between ae and the circumference 
which does not cut the circle^ or which amounts to the 
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same thing, however ^eat an acute angle a straight 
line makes with the diameter at the point a, or how- 
ever small an angle it makes with as, the circumference 
passes between that straight line and the perpendicular 
AE. And this is all that is to be understood when in 
the Greek text, and translations from it, the angle of the 
semi-circle is said to be greater than any acute rec- 
tilineal angle^ and the remaining angle less than any 
rectilineal angle, q. e. d.' 

Deductions, 

1. The right line which is drawn at right angles 
to the diameter of a circle from the extremity of it 
touches the circle^ and that it touches only m one 
point. 

2. To describe a circle, which shall touch a given 
right line in a given point and also touch a given 
circle. 

PROPOSITION XVII.* 

Problem* 

From a given toint to draw a right line which shall 
touch a given circle. 

Let A be a given point, and bcd a 
given circle, it is required from the 
given point a to draw a right line which 
' ^-3. shall touch the circle bcd. Find e,' 
the centre of the circle, and join ae, 
which shall meet the circumference bdc 
in D ; from the centre e, with the dis- 
tance EA, describe the circle afg, and from the point 
D draw DF,^ at right angles to ea, which shall meet the 
circumference afg in f ; also join ef, which shall meet 
the circumference cdb in b ; lastly join ab. From the 
point A, AB is drawn, which touches the circle bcd. 
For because e is the centre of the circles bcd, afg, 
EA shall be equal to ef, and ed to eb. Therefore the 
two AE, EB, are equal to the two fe, ed, and they 
contain' a common angle, namely, the angle at £• 
Wherefore the base df is equal to the base ab, and the 
triangle def to the triangle eba ; also the remaining 

* A better practical solution of this problem may be effected by means of 
the thirtjr-iirst proposition of this Book. 



^ 11, 1. 
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angles of the one to the remaining angles of the other*^ * 4. i. 
Therefore the angle eba is equal to the angle edf, but 
EDF is a right angle. Wherefore eba is a right angle, 
and £B is drawn from the centre. But the right Ime 
which is drawn at right angles from the extremity of the 
diameter of a circle touches the circle. Wherefore ab 
touches the circle. And from the given point a a right 
line AB is drawn, which touches the circle bco. q* e. f. 

Deduction, 

To draw a right line which shall be a tangent to two 
given circles not being one within the other. 

PROPOSITION XVIII. 

Theorem* 

If a right line touches a circle^ and from the centre a 
right line be draum to the point of contact y it shall be per- 
pendicular to the touching line. 

For let any right line de touch the circle abc, in the 
point c, and find f, the centre of the circle abc, from 
which draw fc to c ; fc is perpen- 
dicular to de. For if it be not, 
from the point f, draw fg perpendicular 
to de. Therefore because fgc is a 

right angle, g c f will be an acute angle,* ^ I\ ' • 17. i. 

and consequently the angle fgc is 
greater than the angle fcg. But the ^ 
greater side subtends the greater angle.^ 
Wherefore fc is greater than fg. But fc is equal to 
FB : wherefore fb is greater than fg, the less than the 
greater, which is impossible. Therefore fg is not per- 
pendiciilar to de ; in like manner we show that no 
other is so besides fc Wherefore fc is perpendicular 
to DE. If therefore a right line, &c. Q. e. d. 

Deductions, 

1. Two right lines which touch the circumference of 
a circle in the opposite extremities of the diameter are 
parallel to one another. 

2. If two parallel right lines touch a circle, they 
must touch it m the opposite extremities of the diameter, 
neither can more than two parallel right lines touch the 
same circle. 
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PROPOSITION XIX. 

Theorem. 

If a right line touclies a circle, and Jrom lite point nf 
contact a right line be drawn at ri^ht angles to the touching 
fine, the centre of the circle shall oe in that line. 

For let any right line D E touch the A 

circle abc in c, and from the point 
c draw ca at right angles to de. 
The centre of the circle is in ac. 
For if not, if it be possible, let f be 
the centre, and join of. Therefore d_ 
because the right tine de touches 
the circle abc, aod from the centre fc is drawn to the 
point of contact, fc will be perpendicular to DC' 
Therefore fce is a right angle, but ace is also a right 
angle; wherefore the angle fce is equal to the angle 
ACE, the less to the greater, which is impossible. 
Therefore f is not the centre of the circle abc. In like 
manner we show that it is not in any other than Ac. 
Wherefore if a right line, 8cc. q. e. d. 

PROPOSITION XX. 
Theorem. 




mU at' the centre is double of that at 
iKen they have the same ciratmference 



In a circle the a 
the circumference, t 
Jt/r their base. 

Let ABC be a circle, and beg an angle at the centre, 
and BAC an angle at the circumference, which have the 
same circumference bc for their base. 
The angle BKc is double of the angle bag. 
For join a e, and produce it to F. There- 
fore because ea is equal to eb, the angle i 
EAB is equal to the angle eba." There- \ 
fore the angles eab, eba, are double of c 
the angle eab, but the angle bef is equal 
to the angles eab, eba :^ wherefore the 
angle bef is double of the angle eab. For the same 
reason the angle fec is double of the angle eac. 
Therefore the whole bec will be double of the whole 
BAC. Again, let the centre e be without the angle 
BDc, join DE, and produce it to g. In like manner^ 
we show that the angle gec is double of the angle gdc. 
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of which GEB is double of gdb. Wherefore the re- 
mainder BEC is double of the remainder bdc. There- 
fore in a circle the angle, &c. q. e* d. 

Deduction. 

If two chords of a ^ven circle intersect each other^ 
the angle of their inclmation is equal to half the angle 
at the centre, which stands on an arc equal to the sum 
or difference of the arcs intercepted between them, ac^ 
cording as they meet within or without the circle. 

PROPOSITION XXL 
Theorem. 

In a circle the angles which are in the same segment 
are equal to one another. 

Let ABCDE be a circle, and the angles bad, bed, in 
the same segment, bacd. These angles are equal to 
one another. For find the centre of the circle abcde^ 
which let be f, and join 
BF, FD. Because the 
angle bfo is at the cen^ 
tre, and the angle bad 
at the circumference, 
also they have the same 
circumference bcd for 

their base, the angle bfd^ will be double of the angle * ^o. ^. 
bad. For the same reason, the angle bfd is double 
of the angle bed. Wherefore the angle bad will be 
equal to the angle bed. If the angles bad, bed, are 
in a segment less than a semicircle, draw ae, and all 
the angles of the triangle abg will be equal to all the 
angles of the triangle deg,^ and the angles abe, ade, ^ 33. i. 
are equal, as have been demonstrated, and the angles 
agb,^ dge, are also equal, for they are vertically op-*^ 15. i. 

Eosite. Wherefore also the remaining angle bag will 
e equal to the remaining angle ged. Therefore in a 
circle, &c. q. e. d. 

Deductions. 

1. If from a given point within a circle, which is 
not the centre, n^ht lines be drawn to the circumfer- 
ence, making with each other equal angles, the two^ 
which are neare{i(t to the diameter passing through the 

PART I. c; 
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given point, shall cut off a greater circumference than 
the two, which are more remote. 

2. Given the segments of the base of a triangle made 
by a perpendicular drawn from the vertex and the 
vertical angle to construct the triangle. 

PROPOSITION XXII. 

Theorem* 

The opposite angles of quadrilateral figures which are 
imcribed in a circle are equal to two right angles. 

Let ABDc be a circle, and abdc a quadrilateral figure 
in it. Then any two opposite angles of 

* 52-1. it are equal* to two right angles ; join 
AD, Bc. Therefore because the tnree 
angles of every triangle are equal to two 
rignt angles, the an^es cab, abc, cba, 
are equal to two right angles. But the 

'• *i. 3. angle abc is equaP to tne angle adb, 
for they are in the same segment, 
ABDC. And the angle acb will oe equal to the angle 
ADB, because they are in the same segment, -abcd : 
therefore the whole angle bdc is equal to the angles 
ABC, ACB. Take away the angle bac, which is com- 
mon : the angles bac, abc, acb, are equal to tiie 
angles bac, bdc But the angles bac, abc, acb, are 
equal to two right angles : wherefore also die angles 
bac, bdc, are equal to two right angles. In like 
manner we can demonstrate that the angles abd, acd, 
are also eoual to two right angles. Therefore the op- 
posite angles, &c. q. e. d. 

Deduction. 

If two opposite angles of any trapezium be equal to 
two right angles, the other two angles are equal to two 
right angles, and a circle may be described about it. 

PROPOSITION XXIII. 

Theorem. 

Upon the same straight line^ and on the same side ofitf 
two similar segments of circles cannot be described which 
do not coincide with each other. 

For, if it be possible, on the same right line, ab, 
let two similar segments of circles, acb, adb, be de- 
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scribed^ which do not coincide 
with each other. Let the circum- 
ferences ACB^ ADB; meet one ano- 
ther at the points a^ b^ and th^y 

have* no other points common ex- ^^^ ^B • lo* 3. 

cept A, B. But between a, b, one will be interior, and 

the other exterior. In the interior take any point c, 

and join ac, which, produced, will meet the exterior 

in D, and join cb, bd. Therefore because acb is a 

segment similar to the segment ai>b, and segments of 

circles are similar which contain equal angles,^ the ^^ef.io.s. 

angle^ acb will be e(][ual to the angle adb, the exterior 

to the interior, which is impossible. Therefore upon 

the same right line, 8ic. Q. e. d. 

Dedvjctim. 

Of unequal segments described upon the same base 
and towards the same parts, the circumference of that 
which contains the greater angle will be the interior. 

PROPOSITION XXIV. 

Theorem. 

Similar segments ofdrcles^ upon equal right lines, are 
equal to one another. 

For let the similar segments of circles aeb, cfd, be 
upon the equal right lines ab, cd. The segment aeb 
is equal to the segment cfd. For the segment aeb 
coinciding with the segment cfd, and 
the point a with the point c ; but the 
right line ab, with the right line cd, 
the point b shall also coincide with 
the ppint d, because ab is equal to 
CD ; but AB coinciding with cd, the 
segment aeb shall coincide with the 
segment cfd. For if the right line ab coinciding with 
the right line cd, the segment aeb does not coincide 
with uie segment cfd, it will fall either within or with- 
out it, which is impossible.* Therefore the right line ab « 23. 3. 
coinciding with the right line cd, the segment aeb 
cannot but coincide with the segment cfd, and as it 
coincides with it, it is consequently equal. Theri^fore 
similar segments, &c. q. e. d. 

g2 




84 EUCLID'S ELEMENTS. [Book HI. 

PROPOSITION XXV. 

Problem. 

The segments of a chxle being given to describe the circle 
of which it is a segment. 






Let ABC be a given segment of a circle. It is re- 
quired to describe the circle of which abc is a segment. 

• 10. 1. Bisect Ac*^ in d^ and from die point d draw ac at rigjit 
^ 10.1. angles to db^^ and join ab. Therefore the angle abd 

is either greater than the an^le bad^ or less^ or equal 
to it. Let it be greater, and at the right line ab draw 

• 23. 1. Bc^ and at the given point a in it, make^ the angle b ab 

equal to the angle abd ; but bd, ae^ ^^!H^ produced, 
will meet one another in e, and join eg. Therefore be« 
cause the angle abe is equal to the an^le bae, the 

• 6. 1. right line be^ will also be equal to ae, and de is com- 

mon: the two AD, DE, are equal to the two cd, db, 
each to each, and the angle ade to the angle cde, for 
each of them is a right angle. Wherefore also the base 

• 4. 1. be is equal to the base ec.^ But ae has been shown 

to be equal to eb : wherefore also be is equal to &€» 
and consequently the three right lines ae, eb, ec, are 
equal to one another, llierefore from die centre e, 
with the distance of any of them, ae, eb, ec, the circle 
'9. 5. 80 described will pass through the remaining!^ points, 
and it will be the circle to be described. Wherefore 
the segment of a circle being given, the circle of which 
it is given is described. But it is also evident that the 
segment abc is less than a semicircle, because its centre 
fans without it. In like manner the angle abd is also 
equal to the angle bad, the right line ad will be, equal 
to each of the right lines bd, dc. Therefore the three 
right lines ad, db, dc, will be equal to one another, 
because d will be the centre of the circle described, and 
the segment abc a semicircle. But if the angle ab;d 
be less dian the angle bad, describe at the right line 
BA, and at the given point a in it, the angle abd equal 
to the angle bae, within the segment abc, the centre 
E will be in db, and the segment abc will be greater 
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than a semicircle. Therefore the segment of a circle 
being given^ the circle is described of which it is a 
seginent* q. e. f, 

PROPOSITION XXVI * 

Theorem^ 

In equal circles equal angles stand upon equal circum- 
ferencesj whether they stand at the centre or the circum^ 
Jirence. 

Let ABCy DBF, be equal circles, and bgc, ehf, equal 
angles in them at the centre ; also bac^ edf, at the 
circumference. The circumference bag is equstl to the 
circumference edf, for 
join BC; EF. Because 
the circles abc, def, 

are equali the right* ( / ^X\ I ( / >^\\ ) • Def. i. 
lines orawn from their v 
centres shall also be 
equal : therefore the two 
BG, GC, are equal to the two eh, hf, and the angle at 
G e^ual to the angle at h. Wherefore also the base 
Bc^ IS equal to the base ef. Again, because the angle ^ 4. i. 
at A is equal to the angle at d, the segment bag will 
be similar*^ to the segment edf, and they are upon* Def. ii. 
equal right lines bc, ef. But similar segments** '^ Cor, «4. 3. 
standing upon equal bases have equal circumferences.. 
Therefore the segment bag is equal to the segment 
EDF. But the whole abc is equal to the whole edf :* ' Ex hyp. 
therefore the remaining segment bkc is equal to the 
remaining segment ex«f. Therefore in equal circles, 
8(c. Q. E. D. , 

Deductions. 

1 . If two equal circles cut each other, and from 
either point of intersection a line be drawn meeting 
the circumferences, the part of it intercepted between 
the circumferences will be bisected by the circle whose 
diameter is the common chord of the equal circles. 

2. The arcs of circles intercepted between two pa- 
rallel chords are equal to one another. 

3. Jn equal circles the greater angle stands upon the 
greater circumference. 

* This and tlie three succeeding propositions will hold good, if in the 
same circle. 
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4. In equal circles, two equal right lines terminated 
in a point in the circumference of the one being equal 
to two other right lines terminated in a point in the 
circumference of the other, then shall the intercepted 
arcs be equal to one another. 

PROPOSITION XXVII. 

Theorem. 

In equal circles angles which stand upon equal arcum- 
ferences are equal to one another, uihelher they stood at 
the centre or the arcMrttferaice. 

For in the equal circles abc, def, let the angles 
BGC, EHF, at the centre, also bac, euf, at the cir- 
cumference, stand upon equal circumferences bc. bf. 
The angle bgc is equal to the angle bhf, and tbe 
angle bac to tlie angle edf. If the angles bgc, ehf, 
be not equal, one of them will be greater than the 
other. Let bgc be the greater, and make at the right 
line BG, and at the point 
G in it, the angle bgk 
equal to the an^e ehf.' 
But equal angles stand [ 
upon equal circumfe- 
rences when they are at 
the centre,'' wherefore the 
circumference bk is equal to the circumference ef. 
But the circumference ef is equal to the circumference 
BC : wherefore also bk is equal to bc, the less to the 
greater, which is impossible. Therefore the angle bgc 
IS not unequal to the angle ehf ; wherefore it is equal 
to it. But the angle which is at a is half of the angle 
BGC ; also the angle at d ia half of the angle ehf ; 
wherefore the angle which is at a is equal to the angle 
which is at d.* Therefore in equal tnrcles, &c q. e. ». 

Dedactim. 
In equal circles, the greater of two circumferences 
subtends the greater angle, whether those anglea he 
at the centre or the circumference. 
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PROPOSITION XXVIII. 

Theorem. 

In equal circles equal right lines cut off equal circum- 
Jerences, the greater equal to the greater^ and the less to 
the less. 

Let ABCy D£F; be ec^ual circles^ and bc, ef^ equal 
right lines in them which cut off the greater circum- 
ferences BAC; edf; also the 
less circumferences, boc, ehf. 
The greater circumference, 
bag, is equal to the greater, 

edf ; and the less circumfe- 

rence, bgc, to the less, ehf. "^ h 

For take k, l, the centres of the circles,* and join bk, ' ^^ ^ 
KC, EL, LF. Because they are equal circles, the right 
lines drawn from their centres shall be equal : therefore 
the two BK, KC, are equal to the two el, lf ; and the 
base Bc is equal to the base ef : wherefore the angle 
BKC is equal to the angle elf.^ But equal angles stand ^ ^* i* 
upon equal circumferences : wherefore the circumference 
BGC is equal to the circumference ehf«^ But the whole ^ 36. 3. 
circle abc is equal to the whole circle def : therefore 
the remaining circumference, bac, will be equal to the 
remaining circumference, edf. Wherefore in equal 
circles, &,c. q. e. d. 

Dediuiticm. 

In equal circles, the greater of two chords cuts off 
the greater circumference. 

PROPOSITION XXIX. 

Theorem. 

In equal circles the right lines are equal which subtend 
equal circumferences. 

Let ABC, DEF, be equal circles, 
and in them take the equal cir- 
cumferences, BGC, EHF, and join 
Bc, EF. The right line bc is 
equal to the right line ef. For 

find the centres k, l, of the eircles,* and join bk, kg, * i. s. 
EL, LF. Because, therefore, the circumference bgc is 
equal to the circumference ehf, the angle bkc will 
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also be equal to the angle elf, and becaose the circles 
ABC, DBF, are equal, the right lines drawn from their 
centres will also l)e equal ; therefore the two bk, kg, 
are equal to the two el, lf, and they contain equal 
« 4, 1, angles ; wherefore the base bc is equal to the base ef«^ 
Therefore in equal circles, 8cc. q. e. d. 

Deduction. 

In equd circles, the greater of two circumferences 
is subtended by the greater chord. 

PROPOSITION XXX. 

Problem. 

To bisect a given circumference. 

Let AD B be a given circumference. It is required to 
bisect it. Join ab, and bisect it in c. Also from the 
point c draw cd at right angles to ab, and join ad, bb. 
Therefore because ac is equal to cb, also cd is com* 
mon; the two ac, cd, are equal to the 
two BC, CD, and the angle acd is equal ^^^^^ 
to the angle Bcd, for each of them is a //^ \\ 
r^t an^e; wherefore the base ad is ^/"^ >^ 
equal to the base bd. But equal right a. c B 
lines cut off equal circumferences. 
Wherefore the circumference ad will be equal to the 
circumference bd. Therefore the given circumference 
has been bisected, q. e. f. 

PROPOSiTION XXXI. 

Theorem. 

In a circle the aangle in a semicircle is a right angle^ also 
that in a segment greater than a semicircle is less than a 
right angle^ and that in a segment less than a semicircle is 
greater than a ri^bt angle^ and moreover the angle of a 
greater segr^t is greater than a right angle^ hut that of a 
less segment is less than a right angle. 

Let A BCD be a circle whose diameter is bc, and m 
the centre; join ba, ac, ad, dc. The angle whick is 
in the semicircle bac is a right angle, also that which 
is in the segment ABC greater than a semicircle; viz* 
the angle abc is less than a right angle, and that 
which is in the segment adc, which is less than a 
semicirclei viz. the angle adc, is greater than arighjt 
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an^le. Join ae, and produce ba to 
F. Therefore because bb is equal to 
BA^ the angle eab will also be equal 
to the anele eba.» Again, because /y^^^^ ' ^- ^' 
AB is eauiu to eg, the angle acb will 
be equal to the angle cab ; therefore 
the whole angle bag is equal to the 
two angles abc, acb. But the angle 
FAG is without the triangle abg, ana is equal to the two 
ABG, AGB ;^ therefore the angle bag is equal to the angle ^ i6. i. 
FAG ; and consequently each of them is a right an^e. 
Wherefore in the semicircle bag, the angle bag is a 
right angle. And because the two aisles abg, bag, 
of the tnangle abg, are less than two right angles,^ but ^ 17. i. 
BAG is a ri^t angle ; the angle abg wiu be less tlian a 
rieht angle, and it is the angle in the segment abg 
wnich is greater than a semicircle. But since abg d is 
a quadrilateral figure inscribed in a circle, also the 
opposite angles of quadrilateral figures are equal to two 
ngnt angles, the angles abg, ad g, will be equal to two 
right angles, and file angle abc is less than a right 
angle ; therefore the remainder adg will be greater than 
a nght angle, and it is in the segment abg, which is less 
than a semicircle. Moreover the angle of the greater 
segment which is contained by the circumference abg, 
and the right line ag, is greater than a right angle, but 
the angle of the less segment contained by the circuiA- 
ference adg and the right line ag, is less than a ri^ht 
angle. Whence it is evident, because the angle wiudi 
is contained by the right lines ba, ag, is a right angle, 
that which is contained by the circumference abg and 
the right line ag will also be greater than a right ai^le. 
Again, because the angle contained by the nght lines 
GA, AT, is a right angle, that which is contained by the 
right line ga and the circumference adg, is less than a 
right angle. Therefore in a circle, &c. Q. e. d. 

Deductions, 

1« In a right angled feriangle, given the hypothenuse 
and perpencUcular let Ml from the right angle to die 
hypothenuse to construct the triangle. 

2. If the chords of two arcs of the same circle cut 
each other at right angles, the squares of die four 
segments of the chords are, together, equal to the 
square of the diameter. 
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3. If the diameter of a circle be divided into any 
two partS; and from the point of section a perpendi- 
cular be drawn to the circumference, the squares of 
the two parts, with twice the square of the perpendi- 
cular, shall be together equal to the square of the 
diameter. 

PROPOSITION XXXII. 

Theorem. 

If a right line touches a circle^ and from the point of 
contact another right line be drawn cutting the drclcj the 
angles which this line makes with the touming line will he 
eaual to those which are in the alternate segments of the 
circle. 

For let any right line ef touch the circle abcd in b, 
and from the pomt b draw the right line bd anyhow, 
cutting the circle abcd. The angles which bd makes 
with the touching line ef are equal to those which are 
in the alternate segments of the circle ; that is, the 
angle fbd is equal to the angle which is in the seg- 
ment DAB ; also the angle dbe is equal to the angle 
in the segment dob. For from the point b draw ba 
at right angles to ef, and in the circumference bd 
take any point c, and join ad, do, cb. Therefore 
because any right line ef touches the circle abcd, in 
the point b, and from the point of 
contact B a right line b a is drawn at 
right angles to the touching line, the 
centre of the circle abcd will be in 

• 19. 3. ba.* Wherefore ba is a diameter of 
the same circle, and adb an angle in 
a semicircle is a right angle. TJiere- 
fore the remaining angles bad, abd^ 
are equal to a nght angle. But abf is also a right 
angle ; wherefore the angle abf is equal to the angles 
BAD, ABD. Take away the common angle abd. 
Therefore the remainder dbf is equal to that which is 
in the alternate segment of the circle; namely, the 
angle bad. And because abcd is a quadrilateral figure 
inscribed in a circle, and its opposite angles are equal 

k 22,3. to two right angles,^ the angles dbf, dbe, are equal to 
the angles bad, bcd, of which dbf is shown to be 
equal to bad. Wherefore the remainder dbe will be 
equal to dcb, viz. to that which is in the alternate seg- 
ment of the circle dcb. If, therefore, any right line^ 8cc. 

Q. £i D. 
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Dedtictians, 

1. If a right line be drawn a tangent to an arc at 
the point of bisection^; it shall be parallel to the chord 
of the arc. 

2. If a triangle be described in a circle^ and from 
the vertex a line be drawn touching the circle, the 
angles formed by this line, and the two sides of the 
triangle^ shall be respectively equal to the three angles 
of the triangle. 

PROPOSITION XXXIII. 

Problem* 

Upon a siven right line to describe a segment of a drcle 
which shall contain an angle equal to a given rectilineal 
angle. 

Let AB be a given right line, and c a ^iven rectilineal 
angle. It is required upon the given right line ab to 
describe a segment of a circle which 
shall contain . an angle equal to the 
angle at c. At the right -line ab, 
and at the given point a in it, make 

the angle bad' equal to the angle / \^\sJL^" • 23. i« 
c, and from the point a draw ab at 
right angles to ad. But bisect ab in 
F, and from the point f draw fg at 
right angles to ab, and join gb. Therefore because 
AF is equal to fb, and fg common, the two af, fg, 
are equal to the two bf, fg, and the angle afg to the 
angle bfg. Wherefore the base ag is equal to the base 
GB. Therefore from the centre Gwiththe distance ag, the 
circle described will pass through b. Let it be described, 
and let it be ake. Therefore because from the extre- 
mity of the diameter ae, and from the point a, ad is 
drawn at right angles to ae, ad shall touch the circle. 
And because a certain right line ad touches the 
circle a be, and from the point of contact, a, aright 
line AB is drawn into the circle a be, the angle dab 
will be equal to that in the alternate segment of the 
circle, viz. to aeb. But the angle dab is equal to 
the angle c. Wherefore also the angle c will be equal 
to the angle aeb. Therefore upon a given right line 
AB, a segment of a circle aeb has oeen described - 
containing an angle aeb, equal to the given angle at c. 

Q. E. F. 
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Deduciums. 

1 . Upon a given finite riefat line to describe the seg- 
ment of a eircle, which shall be similar to a given 
segment. 

2. Given the base^ the verticle angle, and the differ- 
ence of the other two sides, to construct the trian^e. 

3. The base, the vertical angle, and the altitude, 
being given to construct the triangle. 

PROPOSITION XXXIV. 
Problem. 

Pram a given circle to cut off a segment which shall 
contain an angle equal to a gvuen rectilmeal angle. 

Let ABC be a given circle, and d the given rectilineal 
angle. It is required from the circle abc to cut off a 
segment which shall contain an angle equal to the 
angle D. Draw the right line ef, touching the circle 
ABC, in the point b, and at the right line bf, and at the 
point b in it make die angle fbc equal 
to ihe angle j>. Therefore because 
a certain right line ef touches the 
circle acb in the point b, and from the 
poiat of contact, bc is drawn, the angle 
FBC will be equal to that in the alter- 
• 39. 3. nate segment of the circle bac* But the angle fbc is 
equal to the angle at d ; wherefore also the anjgle in the 
segment bac will be equal to the angle at d. Therefore 
from a given circle abc, a segment bag is cut off con- 
taining an angle equal to the given rectilineal angle at 

D. Q. £. F. 

Deduction, 
From two circles cut off two similar segments. 

PROPOSITION XXXV. 

Theorem. 

If in a circle two right lines mutually cut one another^ 
the rectangle containedunder the segments of one of them 
is equal to the rectangle contained under the segment^ of 
ihe other. 

For in the circle abcd let the two right lines ac, bd, 
mutually cut one another in the point £. The rectaii^ 
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contained under ae, sc, ia equal 
to that contained under de, eb. 
If AC, BD, pass through the 
centre so that e be the centre of 
the circle abcd, it is manifest 
the right lines ae, eg, db, eb, 

beine equal, the rectangle contained under ab, ec, is 
equid to that which is contained under db, eb. If ac, 
DB, do not pass through the centre, find the centre of 
the circle abcd, which let be f, and from f draw fg, 
FH, perpendicular to ac, bd, and Join fb, fc, fb« Be- 
cause therefore a certain right Ime of drawn through 
the centre cuts the right line ac not drawn through th0 
centre at right angles, it shall bisect it ;* wherefore ag ' '^ ^* 
is equal to ac, and because the right line ac is divided 
into equal parts at the point o, and into unequal at the 
point E, the rectangle contained imder a E, ec, toge- 
ther with the square of eg, will be equal to the square 
of GC,^ add the common square of gf. Wherefore the ^ 5. 2. 
rectangle contained under ae, ec, together with the 
squares of eg, gf, is equal to the squares cg, gf, but 
tine square of fe is equal to the squares of eg, gf ;^ also * ^^* ^• 
the square described upon fc is equal to the squares of 
CG, GF. Therefore the rectangle under ae, ec, toge- 
ther with the square of fe, is eaual to the square of fc. 
But CF is equsd to fb ; wherefore the rectangle imder 
Ae, EC, together with the square of ef, is equal to the 
square described upotf fb. For the same reason, the 
nectangle under de, eb, together with the square of 
FE, is equal to the sauare of fb. But it was shown 
that the rectangle unaer ae, ec, together with the 
square of fe, is equal to the square of fb. Wherefore 
the rectangle under ae, ec, together with the square of 
fe, is equal to the rectangle under de, eb, together 
widi the square of fe ; take away the common square 
of fe ; therefore the remaining rectangle under 0e, ec, 
will be equal to the remaining rectangle under de, eb. 
Wherefore if in a circle, &c. q. e. d. 

DeductioTU 

To make a rectangle which shall be equal to a 
given square, and shall have its two adjacent sides, 
together, equal to a given right line, the side of the 
^ven square being less than half of the given right 
Ime. 
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PROPOSITION XXXVI. 
Theorem. 

If any point be taken without a circle^ and from it two 
rignt lines be let fall on the circlet one of which cuts the 
circle^ and the other touches it, the rectangle which is cxmr 
taxned by the whole cutting lincy and that part between 
the point taken without the circle^ and the convex circum- 
ference of the circle, will be equal to the square of the 
touching line. 

For without the circle abc take any point d, and 
from it let fell the two right lines dca, db, to the said 
circle, and let dca cut the 
circle ABC, but db touch it. 
The rectangle contained under 
AD, DC, is equal to the square 
of DB. For DCA either passes 
through the centre, or it does 
not. First, let d a pass through 
the centre of the circle abc, 
which let be e, and join eb. The angle ebd will be 
a right angle, because the right line ac is bisected 
in Ef and cd is added to it ; the rectangle under ad, 
DC, together with the square of bc, will be equal to the 
square of ed, but ce is equal to eb ; wherefore the 
rectangle under ad, dc, together with the square of 
EB, wul be equal to the square of ed, but the square of 
ED is equal to the squares of eb, bd, for ebd is a right 

• 47, 1. angle.' Take away the common square of eb ; where- 

fore the remaining rectangle under ad, do, will be 
equal to the square of db. Secondly, let dca not pass 
through the centre of the circle abc, and find the 
centre £, and draw ef perpendicular to ac, and join 
E3, EC, ED. Therefore efd is a right angle. And 
because a certain right line ef drawn through the 
centre cuts the right line ac not drawn through the 
centre at right angles, it shall also bisect it ; where- 
fore AF is equal to fc. A^in, because the right line 
AC is bisected in f, and cd is added to it, the rectangle 
under ad,J)c, together with the square of fc, is equal 

• 5. 2. to the square of fd ;* add the common square of Ffi; 

therefore the rectangle under ad, dc, togetner with the 
squares of fc, fe, is equal to the squares of df, f:e. But 
the square of d e is equal to the squares of d f, f e, because 
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EFD is a right angle, but the square of ce is eqtial to the 
squares of c f, f e . W herefore the rectangle und^r a d, d c, 
together with the square of ce, is equal to the square of 
ED, but CE is equal to eb. Therefore the rectangle 
under ad, do, together with the square of eb, is equal 
to the square of ed. But the squares of eb, bd, are 
equal to the square of ed, for ebd is a right ang;le. 
Wherefore the rectangle under ad, dc, together with 
the square of eb, is equal to the squares of eb, bd ; 
take away the common square of eb : therefore the 
remaining rectangle under ad, dc, will be equal to the 
square of db. It, therefore, any point, &c. q. e. d. - 

GoROliLARIES. 

1 . (Clavius.) From this 36th proposition, it is manifest 
if, from any point without a circle, several right lines 
are drawn cutting the circle, the rectangles contained 
under the whole Tines and the parts without the circle, 
are equal to one another. 

2. (Clavius.) It is also proved that two right lines 
drawn from the same point which touch the circle are 
equal to one another. 

3. (Clavius.) It is also evident from the same point 
only two right lines can be drawn which can touch the « 
circle. 

PROPOSITION XXXVII. 
Theorem. 

If any point be taken without a circle j and from it two 
right lines be let fall to the circle^ one of which cuts the 
circle^ and the other falls upon it ; also let the rectangle 
contained by the whole line cutting the circle, and the part 
between the point taken without the circumference y and the 
convex circumference be equal to the square of the line meet-- 
ing the circle^ the line which meets it shall touch the circle. 

For without the circle abc take any point d, and from 
it let fall the two right lines dca, db. Let dca cut the 
circle, and db fall upon it^ and let the rectangle ad, dc, 
be equal to the square of db ; then db touches the 
circle ABC. For draw the right line de touching the 
circle abc, and find the centre of the circle abc,*'1'^« 
which let be f ; join fe, fb, fd ; wherefore the angle 
FED is a right angle. And because de touches the 
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fc tus. 




circle abc, but dca cuts it, the rect- 
angle under ad, dc, will be equal to the 
square of de ; but the rectangle under 
AD, DC, is equal to the square of db ; 
ih^fore the square of de will be equal 
to the square of db, and consequently 
the right line db will be equal to the 
right fine db, but fe is equal to fb. 
Therefore the two dr, ef, are equal to 
the two DB, bf, and the base fd com- 
mon; therefore the angle def is equal to the angle 
DBF. But DBF is a right angle; wherefore also dbf is 
a right angle, and the diameter fb is drawn. But the 
right line drawn from the extremity of the diameter of 
a circle at right angles touches the circle ;** wherefore 
DB musttouch the circle abc. If, therefore, any point, 
&C. q. E. D. 

Deductions. 

1. To describe a circle which shall touch two given 
right lines and pass through a given point between 
them. 

2. To describe a circle which shall pass through two 
given points, and touch a given right line, the given 
points oeing both on the same side of the right line. 
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DEFINITIONS. 

1. A rectilineal figure is said to be in- 
scribed in a rectilineal figure, when every 
angle of the inscribed figure touches 
every side of the figure in which it is in- 
scribed* 

2. In like manner a figure is said to be circumscribed 
about a figure, when all the sides of the circumscribed 
figure touch all the angles of that figure about which it 
is circumscribed. 



3. A rectilineal figure is said to be 
inscribed in a circle, when every angle 
of the inscribed figure is upon the cir- 
cumference of the circle. 



' 4. A rectilineal figure is said to be 
described about a circle, when every 
side of the circumscribed figure touches 
the circumference of the circle. 



5. In like manner a circle is said to be inscribed in 
a rectilineal figure, when the circumference of the circle 
touches every side of the figure in which it is inscribed. 




* When a figure is within another, so that all the angles of the inner 
figure are upon Uie sides of the figure in which it is, this figure is said by 
the Greeks, iyyp^<ptff$ou, to be inscribed within the other, and the outward 
figure is said, vtptypd<ptff$oUf to be circumscribed about the inner one ; but 
when it is merely to describe a circle, as in the 25th prop. lib. 5, vpoacaoeyp^^ 
is used. This distinction is also observed in Ptolemy's McyoeA.i) Ivrret^tg, 
as may be seen in the ninth chapter of the Fiist Book. 

PART I. H 
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6. A circle is said to be circumscribed 
about a figure, when the circumference 
of the circle touches every angle of the 
figure about which it is circumscribed. 



7. A right line is said to be applied in a circle when 
its extremities are in the circumterence of the circle. 
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PROPOSITION I. 

Problem. 

In a given circle to apply a right line equal to a given 
right line not greater than the diameter of the circle. 

Let ABC be the given circle^ and the given right 
line not greater than the diameter of the circle ; it is 
required in the circle abc to apply a right line equal 
to the right line d. Draw bc the diameter of the 
circle abc. If, therefore, bc is equal to d, what was 
proposed will now be done. For 
m the circle abc, bc is applied 
equal to the right line d. But if 
BC is greater man d, make ce 

equal to d,* and with centre c, \^ ^\^ J^ / • S. 1. 
and distance ce, describe the cir^ 

cle aef and join ca. Therefore, 

because the point c is the centre i> 

of the circle aef, ca is equal to 

ce.** But CE is equal to d ; therefore d also is equal **i5Dcf.i. 

to CA. Therefore in the given circle abc, 8cc. q. e. f. 

PROPOSITION II. 

Problem. 

In a £ftven circle to inscribe a triangle equiangular to a 
given triangle. 

Let ABC be the giv^en circle, and def the given 
triangle ; it is required in the circle abc to inscribe a 
triangle equiangular to the triangle def. 

Draw GH touching the circle 
ABC in the point a, and at the 
right line gh, and at the point a 
in it, make the angle hac equal 

to the angle def ;* again, at the /\ ,)^/-— "^^ • 2S. 1. 
right line ga, and at the point a ^ 

in it, make the angle gab equal 
to the angle fde, and join bc. 

Therefore, because some right line hg touches the 
circle abc, and from the point of contact at a, ac is 
drawn in the circle, whence the angle hac is equal to 
the angle abc** in the alternate segment of the circle. ^ 39, s. 
But the angle hac is equal to def. For the same 
reason, the angle acb is equal to the angle fde, and 

h2 
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therefore the remaining angle bac is e(jual to the re- 
«3i.i. maining angle efd.*^ Therefore the triangle abc is 

equiangular to the tritogl^ nkp, and is inscribed in 
' 5 Def. 4. thecin^I^ abc.^ Wherefore in a given circle^ 8ic. q. e. f. 

PROPOSITION III. 

Problem. 

About a given circle to circumscribe a triangle equp- 
qngular to a given triangle. 

Let ABC be a given circle, and def a given triangle; 

it is required about the circle abc to circumscribe a 

triangle equiangular to the given triangle def. 

Produce ef both ways to the points g, h, and find 
' 1. 5» K the centre of the circle abc/ also draw anyhow the 

right line kb ; and at the 

night line kb, and at the 

point K in it, make the 

angle bka equal to the 
k ss. 1. togle DEG,^ also the an- 
gle BKC equal to dfh, 

and through the points a, 

B, c, draw the right lines lam, mbn, ncl, touching 
« 17 3. the circle abc.*^ 

And because the lines lm, mn, nl, touch the circle 

ABC in the points a, b, c, and ka, kb, kc, are joined ; 

* ^8. s. the angles at the points a, b, c, are right angles.' And 

because ihe four angles of the quadrilateral figure 

• 3f. 1. ambk are equal to four right angles,^ for it may be 

divided into two triangles, of which the angles mak, 
KBM, are right ones; therefore the remaining angles 
AM£, AKB, are equal to two right ones; but DBa^ 
M3. 1. DBF, are also equal to two right angles ;^" therefore 
AKB, AMB, are equal to deg, def, of which akb is 
equal to deg ; whence the remaining angle amb is 
equal to the remaining angle def. In like manner, it 
may be shown that lnm is equal to def ; and there- 
fore the remaining angle mln is also equal to the re- 
maining angle edf. Therefore lmn is a triangle equi- 
angular to the triangle def. Therefore about a given 
circle, &c. q. e. f. 
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PROPOSITION IV. 
Problem. 

To inscribe a circle in a given triangle^ 

Let ABC be the given triangle; it is required to in- 
scribe a circle in the triangle abc. 

Bisect the angles A Bc, AC B^ by the right lines bd^ 
CD,* and let them meet one another in the point d, ' 9. i. 
and dmw from the point p to ab, bc, ca, the pierpen- 
dicular right lines de, df, i^g.^ »» i«. i. 

And because the angle abd is equal to the angle 
OBC, and bed is a right angle, consequently equal to 
the right angle bfd ; therefore ebd, fbd, are two 
triangles, having two angles equal to two angles, and 
one side to one side; viz. the side bd opposite to one 
of the equal angles common to them both, and, there-' 
fore, the remaining sides of the one shall be equal to 
the remaining sides of the other ;*^ whence de is equal* *^' *• 
to df. For the same reason, dg is 
equal to df. Therefore the three right 
lines DE, DF, DG, are equal to one an- 
other; wherefore from Ithe centre d, 
and with the distance any one of them £ 
DE, DF, DG, the circle described will 
pass through the remaining points, 
and will touch the right lines ab, bc, 
CA, wherefore the angles at the points e, f, g, are right 
ones. For if it cut mem, a line drawn at right aj^es 
to the diameter of the circle from the extremity will 
fall withia the circle, which has been shown to he ab- 
surd.^ Therefore, with the centre d, and distance any ^ i^- s. 
one of them de, df, dg, the circle described will not 
cut the right lines ab, bc, ca ; whence it touches 
them, and the circle will be inscribed in the triangle 
ABC® Therefore in a given trian^e, &c. q. e. f. * ^ ^^^- *• 

Deductions, 

1. The three right lines which bisect the three angles 
of a triangle meet in the same point. 

2. If a circle be inscribed in a ri^ht angled triangle, 
the excess of the two sides contaimn^ the right angle 
above the third side is equal to the diameter of the in- 
scribed circle. 
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3. In an isosceles triangle, the perpendicular drawn 
from the vertex bisecting the base passes through the 
centre of. the inscribed circle. 

4. In a given circle, to inscribe three equal circles 
touching each other and the given circle.* 

PROPOSITION V. 
Problem. 

To circumscribe a circle about a given triangle. 

Let ABC be the given triangle ; it is required to 

circumscribe a circle about the given triangle abc. 

• 10. 1. . Bisect the right lines ab, ac, in the points d, e/ and 






from the points d, e, draw df, fe, at right angles to 
fc 11*1. AB, AC.** Thejr will meet either within the triangle 
ABC, or in the right line bc, or without bc. 

First, therefore, let them meet within the triangle in f, 
and join fb, fc, fa. And because ad is equal to bd, and 
the common side df is at right angles ; therefore the 
« 4. 1. base AF is equal to fb.^ In like manner, we show also 
that CF is equal to af, wherefore fb is also equal to fc ; 
therefore the three fa, fb, fc, are equal to one another. 
Therefore with centre f, and distance any one of them 
FA, FB, FC, a circle described will pass through the 
remaining points, and the circle will be circumscribed 
4 6Def. 4. about the triangle abc.^ Let it be circumscribed as 

ABC 

But also, secondly, let df, ef, meet in the right 
line BC in F, as it does in the second figure, and join 
AF. - In like manner it mav be proved, uiat the point 
F is the centre of the circle circumscribed about the 
triangle abc. 

But, thirdly, let df, ef, meet without the triangle 
ABC in F, as in the third figure, and join af, bf, cf. 
And because ad is equal to db, also the common side df 

* The student may find a very neat solution of this problem in Mr. 
Thomas Simpson's Algebra. 
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is at right angles, therefore the base af is equal to fb. <^ * 4. i. 
In like manner we show also that fc is equal to fa, 
wherefore fb is equal to fc ; therefore again with 
centre f, and distance any one of them, fa, fb, fc, a 
circle described will pass through the remaining points, 
and it will be circumscribed about the triangle abc. 
Let it be described as abc. Therefore a circle. Sec. 
Q. E. f. 

Corollary. 

Hence it is manifest, when the centre of the circle 
falls within the triangle, the angle bac, in a segment 

freater than a semicircle, is less than a right angle ; 
ut when the centre falls on the right line bc, the 
angle bac, in a semhrcircle, is a right angle ; and when 
the centre of the circle falls without the triangle bac, 
in a segment less than a semicircle, is greater than a 
right angle. Wherefore, also, when the given angle is 
less than a right angle, af, ef, will meet withm the 
triangle, but when it is a right angle, on bc, and when 
a greater than a right angle, without bc. 

Deduction. 

In an equilateral triangle, the centre of the cir- 
cumscribed circle coincides with the centre of the 
inscribed circle. 

PROPOSITION VI. 

Problem. 

To inscribe a square in a given circle. 

Let abcd be the given circle; it is required to 
inscribe a square in the circle abcd. 

Draw the two diameters a c, bd, of 
the circle abcd at right angles to one 
another, and join ab, bc, cd, da. 

And because be is equal to ed, for e 
is the centre, and ea common, is at 
right angles; therefore the base ab is 
equal to the base ad ; * and for the same ^ • 4. i. 

reason bc, cd, are each equal to ba, ad ; therefore the 
quadrilateral figure abcd is equilateral. It is also 
rectangular. 

For because the right line bd is a diameter of the 
circle abcd, therefore bad is a semicircle; conse- 
quently bad is a right angle;* for the same reason^ 3i, s* 
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each of the angles abc, bcd, cda, is arightanele; 
therefore the quadrilateral figure abcd is rectaneiwur; 
and it has been shown to be equilateral ; whererore it 
is a square, and is inscribed in the given circle abcd. 
Therefore in a given circle, 8cc. q. e. i 

Dedtictions, 

1. The square inscribed in a circle is equal tOv twice 
the square of half the diameter. 

2. To inscribe in a given circle a rectangle, which 
shall be equal to a given rectangle, whose diameter is 
equal to the diameter pf the given circl<^. 

PROPOSITION VIL 

Problem. 

To circumscribe a square about a given circle. 

Let abcd be a given circle ; it is required to circum- 
scribe a square about the circle abcd. 

Draw the two diameters ac, bd of 
the circle abcd at right angles to one 
another, and through the points a, b, 
c, D, draw fg, gh, hk, kf, touching 

• 17. 1. the circle abcd. ■ 

Therefore because fg touches the 
circle abcd, and from e, the centre, 
draw EA to the point of contact a ; therefore the 
^ 18.S. angles at a are right angles.^ For the same reason 
the angles at the pomts b, c, d, are right angles. * And 
because aeb is a right angle, also ebg is a right 

• S8.1, angle ; therefore gh is parallel to ac.^ For the same 

reason ac is parallel to fk ; wherefore also gh is pa- 
rallel to FK. In like manner we show that each of the 
lines GF, HK, is parallel to bed. Therefore gk, oc, 
AK, FB, BK, are parallelograms ; whence gf is equal 
' 34. 1. to HK,^ also GH to FK. And because ac is equal to 
BD, but also AC is equal to each of the lines gh, fk, 
and ED to each of the lines gf, hk, therefore gh, fk 
are equal to gf, hk, each to each. Whence the qua- 
drilateral figure fghk is equilateral. It is also rectan- 
^lar. For because gbea is a parallelogram, and abb 
IB a right angle, therefore agb is a right angle. In 
like manner, we show that the angles at h, k, ?, are 
right angles ; therefor^ the quadnlateral figure fghk 
is rectangular ; and it has been shown to be equilateral ; 







Prop. 8.] EUCLID'S ELEMENTS. 106 

therefore it is a square. And it is circumscribed about 
the circle abcd. Therefore about a given circle, 

8ic. Q. E. F.* 

PROPOSITION VIII. 

Problbm. 

To inscribe a circle in a given square. 

Let ABCD be a given square ; it is required to in- 
scribe a circle in the square abcd. 

Bisect each of the lines ab, ad, in the points e, f,<^ • lo. i. 
and through e draw Eli parallel to either a b i> 
of them AB, CD ; and through f draw 
FK parallel to either of them ad, bc-;** V ^ M ^ 3i. i, 
therefore each of them kb, ah, hd, ^ 
AG, Gc, bg, gd, is apcurallelogram, and 
their opposite sides are equal.^ And ^ "^g " ^ c * ^' ^' 
because AD is equal to ab, and ae is 
half of AD, also af half of ab, therefore ae is equal to 
AF ; and their opposite sides are equal, whence fg is 
equal to ge. In like mtmner we show that each of 
them FG, ge, is equal to each of them gh, gk ; there- 
fore the four ge, gf, gh, gk, are equal to one another. 
Whence with centre g, and distance any one of them 
GE, gf, gh, gk, a circle described will pass through 
the remaining points, and touch the right lines ab, 
Bc, CD, DA, wherefore the angles at e, f, h, k, are 
right angles. For if the circle cut the lines ab, bc, 
CD, DA, the right line drawn from the extremi^ at 
right angles to the diameter of the circle, that nght 
line will fall within the circle, which has been shown 
to be absurd.*^ Therefore with the centre g and dis-4 16.3. 
tance any one of them «e, gf, gh, gk, a circle de- 
scribed will not cut the right Imes ab, bp, €D,.da. 
Therefore it will touch them, and w^U be inscribed in 
the square abcd. Therefore in a given square, 8cc. 

Q. E. F. 

Deduction. 
To inscribe a circle in a given rhombus. 

* If a regular polygon of any number of sides be inscribed in a circle, 
and it is required to circumscribe about that circle a regular polygon of the 
same number of sides, and reciprocally, the circumscnbed polygon being 
given to construct the inscribed polygon. See LacrDix*« iiiinmt de 
Gimnitrie, page 96. 
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PROPOSITION IX. 

Problem. 

To circumscribe a circle about a given square. 

Let ABC D be a given square; it is required to cir- 
cumscribe a circle about the square abcd. For joia 
AC, BDy which will cut one another in the point £. 

And because da is equal to ab, and ac common, 
the two DA, AC, are equal to the two ba, ac, and the 
base DC will be equal to the base bc, and the angle 

* 8. s. DAC equal to the angle bac ;* therefore the angle dab 

is bisected by the nght line ac. In like manner we 
demonstrate, that each of the angles 
ABC, BCD, CDA, is biscctcd by the nght 
lines AC, db. And because the angle 
DAB is equal to the angle abc, and eab 
is the half of dab, also eba is the half 
of abc; therefore eab is equal to eba. 
^ 6. 1. Wherefore also the side ea is equal to the side eb.^ 
In like manner we demonstrate that each of the right 
lines EA, EB, is equal to each of the right lines bc, 
ED ; therefore the four ea, eb, ec, ed, are equal to 
one another. Whence with centre e and distance any 
one of them ea, eb, ec, ed, the circle described will 
pass through the remaining points, and will be circum- 
scribed about the square abcd. Therefore a circle 
has been circumscribed, 8cc. q. e. f. 

Deduction. 
To describe a circle about a given parallelogram. 

PROPOSITION X. 

Problem. 

To make cm isosceles triangle having each of the angles 
at the base double of the remaining angle. 

Let ab be any given right line, and 

• 11. 2. cut it in the point c,* so that the rec- 

tangle contained under ab, bc, may be 

equal to the square of c a, and with cen- 
b 3 post, tre A, and distance ab, describe the cir- 
e 1. 4. cle BDE,** also in the circle bde apply 

the right line bd^ equal to the right Ime 

AC, not greater than the diameter of the 

circle bdc; and join ad, cd, also cir- 
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cumscribe the circle acd about the triangle acd.^*^5. 4. 
And because the rectangle contained under ab, bc, is 
equal to the square or ac, and ac is equal to bd, 
therefore the rectangle under ab, bc, is equal to the 
square of bd. Also because some point b is taken 
without the circle ago, and from b let two right lines 
fall on the circle acd, whereof one cuts and me other 
touches the circle ; also the rectangle under ab, bc, is 
e^ual to the square of bd. Therefore bd touches the 
circle acd.^ And because bd touches^ and from the « 37.9. 
point of contact d, do is drawn; whence the angle 
BDC is equal to the angle dac/ in the alternate seg- f S2.3. 
ment of the circle. Because, therefore, bdc is equal 
to DAc, add CDA, which is common. Wherefore the 
whole BDA is equal to the two cda, dag. But the 
exterior angle bgd is equal to cda, dac.8 Therefore » 3«. i. 
BDA is equal to bgd. But bda is equal to gbd, since 
the side da is equal to ab ;^ wherefore also dba is^ 5.1. 
equal to bgd. Therefore the three bda, dba, bgd, 
are equal to one another. And because the angle dbg 
is equal to the angle bgd, the side bd is also equal to 
the side dg. But bd is put equal to ga; and ag, 
therefore, is equal to cd; wherefore also the angle 
GDA is equal to the angle dag ; whence gda, dag, are 
together double of dag. And bgd is equal to gda, 
dag, and bgd is therefore double of dag. But bgd 
is equal to each of them bda, dba, and, consequently, 
each of them bda, dba, is double of bad. Therefore 
an isosceles triangle has been made, 8cc. q. e. f. 

PROPOSITION XI. 

Problem. 

To inscribe an equilateral and equiangular pentagon 
in a given circle. 

Let ABGDE be the given circle; it is required in the 
circle abcde to inscribe an equilateral and equiangular 
pents^on. Let fgh be an isosceles triangle, having 
each of the angles at g and h double of the angle 
at F,* and inscribe in the circle abgde 
the triangle agd,*' equiangular to the 
triangle fgh, so that the angle gad 
may be equal to the angle f, also each 
of the angles at g, h, is equal to each 
of the angles agd, gda ; and there- 
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fore each of the angles acd, cda, is double of cad. 
Bisect each of the angles acd, cda, by each of the 

' 9. 1. ^ght lines CEy db/ and join ab, bc, de, ea. 

Therefore because each of the angles acd, cda, is 
double of the angle c ad ; and are bisected by the right 
lines CE^ db ; therefore the five angles dac, ace, ecd, 
CDB, bda, are equal to one another, and equal aneles 

* 26. «. fitand upon eq^al circumference^ ; ^ thi^refore the nve 
circumferences ab, bc, cd, de, ea, are equal to one 
another, But equal right lines subtend equal circum- 

« «9.3. ferences ; * whence the five right lines ab, bc, cd, de, 
EA, are equal to one another ; therefore the pentagon 
abcde is equilateral. It is also equiangular. For 
because the circumference ab is equal to uxe circum!- 
ference de, add bcd, which is common; and the whole 
circumference abcd is equal to the whole circum- 
ference edcb. And the angle aed stands upon the 
circumference abcd, also the angle bae upon the cir- 
cumference EDCB, therefore the angle bae is equal to 

' S7. 3. the angle aed.^ For the same reason each of die 
angles abc, bcd, cde, is equal to each of the angles 
BAE, AED, therefore the pentagon abode is equi- 
angular. And it has been demonstrated to be equi- 
lateral. Therefore in a given circle, Sac. q. e. f. 

Deduction. 

The angle of a regular pentagon exceeds a right angle 
by the fifth part of a right angle, and generally if it 
represent any number of sides greater than four of a 
regular polygon, each angle will exceed a right one by 

(1 — -) of a right angle. 

PROPOSITION yil. 

Problem. 

To circumscribe an equilateral and equiangular pentagon 
about a given circle. 

Let abcde be the given circle; it is required to cir- 
cumscribe an equilateral and equiangular pentagon 
about the given circle abcde. 

Let the points of the angles of a pentagon inscribed 
in the circle be a, b, c, d, e, so that the circum- 
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ferences ab^ bc^ cd^ de, ea, be equal,* q. •11.4. 

and through a, b, c, d, e, draw gh, 

HK, KL, LM, MG, tOUChing the circle,** _y/\\/3r^M ^ ^^•^• 

and find f the centre 6? the circle 
ABCDE, and join fb, fk, fc, fl, fd* 

And because the right line kl 
touches the circle abcde in, c, also 
from the centre f a line fc is drawn to the point of 
contact c. Wherefore fc is perpendicular to kl,«*i8. 3. 
whence each of the angles at c is a right angle. For 
the same reason the angles at the points b, o, are right 
ones. And because fck is a right angle^ the square 
of FK is equal to the sauares of fc, ck.** For the * 47. 1. 
same reason the sauare 01 fk is equal to the squares 
of fb, bk ; wherefore the squares of fc, ck, are equal 
to the squares of fb, bk ; of which the square otFC 
is equal to the square of fb ; therefore the remaining 
square of ck is equal to the remaining square of bk ; 
therefore ck is equal to bk. And because fb is equal 
to fc, and fk common, the two fb, bk, are equal to 
the two CF, CK, and the base bk is equal to the base 
CK ; therefore the angle bfk is equal to the angle kfc,* ' ®- ^• 
also the angle bkf is equal to the angle fkc ; there- 
fore the angle bfc is double of the angle kfc, also the 
angle bkc of fkc For the same reason cfo is double 
of cfl, and cld of clf. And because the circum- 
ference bc is equal to cd, the angle bfc is also equal 
to CFD.' And bfc is double of kfc, also dfc is ^27. 3. 
double of LFc. Therefore kfc is also equal to lfc, 
and the angle fck is equal to fcl. Whence there are 
two triangles fkc, flc, having two angles equal to 
two angles, each to each, and one side equal to one 
side, viz. fc common to them; therefore the remaining 
sides will also be equal to the remaining sides, and the 
remaining angle equal to the remaining angle,^ whence « 26. i. 
the right line kc is equal to cl, also me angle fkc £0 
FLC. And because kc is equal to cl, therefore kl is 
double of kc. In the same manner it may be demon- 
strated that HK is double of bk. And bk is equal to kc ; 
therefore kh is equal to kl. Similarly it may be de- 
monstrated that each of the sides hg, gm, ml, is equal 
to each of the sides hk, kl. Therefore the pentagon 
ghklm is equilateral. It is also equiangular. For 
because the angle fkc is equal to flc, and it has been 
demonstrated that hkl is double of fkc, also klm is 
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doable of flc; hkl b therefore eaual to klm. In 
like manner it may be demonstratea that each of the 
angles khg, HCBf, gml, is equal to each of the angles 
HKL^ KLM ; therefore the five angles ghk, hkl, klm, 
LMG, MGHy are equal to one another. Therefore the 
pentagon ghklm is equiangular. But it has been 
shown to be equilateral, and is circumscribed about the 
circle abode, q. e. f. 

PROPOSITION XIII. 

Problem. 

To inscribe a circle in a given equiangular and egwr- 
lateral pentagon. 

Let ABODE be a ^iven equilateral and e(][uiangular 
pentagon ; it is required to inscribe a circle in the pen- 
tagon ABCDE. 

For bisect each of the angles bod, cde, by the right 
• 9.1. lines OF, df;* and from the point f, in 
which the right lines cf, df, meet one an- 
other, draw the right lines fb, fa, fe. 
And because bc is equal to cd, and cf 
common, the two bc, of, are equal to the c k i> 
two DC, CF, and the angle bcf is equal to the angle 
^4.1. DCF ; therefore the base bf is equal to the base df,^ 
and the triangle bfc is equal to the triangle dfc, also 
the remaining angles will be equal to tne remaining 
angles, which the equal sides subtend ; therefore the 
angle cbf is equal to cdf. And because the ansle 
CDE is double of cdf, and cde is equal to abc, also 
CDF to CBF, therefore cba is double of cbf ; whence 
the angle abf is equal to fbc. Therefore the angle 
ABC is bisected by the ri^ht line bf. In like manner 
it may be demonstrated uiat each of the angles bae, 
AED, is bisected by each of the right lines fa, fb. 
And draw from the point f to ab, bc, cd, de, ea, the 

Eerpendicular right lines fg, fh, fk, fl, fm. And 
ecause the angle hcf is equal to kcf, and fhc is a 
right angle, and equal to the right angle fkc, so that 
there are two triangles fhc, fkc, having two angles 
equal to two angles, and one side equal to one side, 
viz. Fc, which is common to both, subtending one of 
the equal angles ; then the remaining sides shall be 
c S6. 1. equal to the remaining sides ; ^ therefore the perpen- 
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dicular fh is equal to the perpendicular fk. In like 
manner it may be demonstrated that each of the sides 
FL^ FM, FG, IS eq[ual to each of the sides fh, fk ; 
therefore the five right lines fg^ fh, fk, fl, fm, are 
e^ual to one another. Wherefore with centre f and 
distance any one of them fg, fh, fk, fl, fm, the 
circle described will both pass through the remaining 
points, and touch the right lines ab, bc, cd, de, ea; 
wherefore the angles at the points g, h, k, l, m, are 
right angles. For if it does not touch them, but cuts 
them, then a line drawn from the extremity at right 
angles to the diameter of the circle will fall within the 
circle, which has been shown to be absurd.** There- * 16« 3. 
fore with centre f, and distance any one of the right 
lines fg, fh, fk, fl, fm, the circle described will not 
cut the right lines ab, bc, cd, de, ea, whence it will 
touch them. Describe it as ghklm, therefore in a 
given pentagon. Sic. q. £. f. 

PROPOSITION XIV. 

Problem. 

To circumscribe a circle about a given equilateral and 
eqiiiangylar pentagon. 

Let ABODE be the given equilateral and equiangular 
pentagon ; it is required to circumscribe a circle about 
the given equilateral and equiangular pentagon abode. 
Bisect each of the angles bcd, cde, oy the right lines 
OF, fd/ and from the point f, in which ^ • 9. i. 

the right lines meet, draw to the points 
B, A, E, the right lines fb, fa, fe. In 
like manner, as has been before shown, 
that each of the angles cba, bae, aed, is 
bisected by each of the right lines fb, 
AF, ef. And because the angle bod is equal to cde, 
and FCD is half of bod, also cdf is the half of cde, 
and, therefore, fcd is equal to fdc; wherefore the 
side FC is equal to the side fd.^ In like manner \i^ 6.1. 
may be demonstrated that each of the lines fb, fa, fe, 
is equal to each of the lines fc, fd;- therefore the five 
right lines fa, fb, fc, fd, fe, are equal to one an- 
other. Therefore with centre f and distance any one 
of them fa, fb, fc, fd, fe, the circle described will 
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pass through the remaining points, and will be cir- 
cuiniflcribed, let it be circumscribed, and let it ht 
ABCDB. Tlierefore a circle has been circumscribed) 

8lC. *Q. £• F. 

PROPOSITION XV. 
Problem. 

To inscribe an equilateral and equiangular hexagon in a 
given circle. 

Let ABCDEF be the given circle ; it is required to in- 
scribe an equilateral and equiangular hexagon in the 
circle abcdef. 

' Find 6 the centre of the circle, and draw ad the dia- 
meter of the circle abcdef, and with centre d, and 

■ 3p'>8M. distance do, describe the circle egch,* also eg, gc, 
joined^ produce to the points b, f, and 
join ab, bc, CD, D£, ef, fa, then is 
ABCDEF an equilateral and equiangular 
hexagon. For because the point o is the 
centre of the circle abcdef, ge is equal 
to GD. Again, because the point d is 
the centre of the circle egch, de is equal to dg. But 
GE has been demonstrated to be equal to gd, therefore 
ge is equal to ed ; whence egd is an equilateral trian- 
gle, and, therefore, its three angles egd, gde, dec, 
are equal to one another, because the angles at the 

^ 5. 1. base of an isosceles triangle are equal to one another.^ 
And the three angles or a triangle are equal to two 

^ 32. 1. right angles ;^ therefore the angle egd is a third part 
of two right angles. In like manner it may bfe demon- 
strated that dgc is a third part of two right angles. 
And because the right line cg standing upon eb makes 
the adjacent angles egg, cgb, equal to two right an- 

*> 13. 1. gles,** and, therefore, the remaining angle cge is a 
third part of two right angles ; therefore the angles 
EGD, DGC, cgb, are equal to one another; and because 
the vertical angles bga, agf, fge, are equal to egd, 

• 15.1.- DGC, cgb;® therefore the six angles egd, dgc, cgb, 

bga, agf, fge, are equal to one another. But equal 

' 26. 3. angles stand upon equal circumferences; ^ therefore the 

six circumferences ab, bc, cd, de, ef, fa, are equal 

to one another. And equal right lines subtend equal 

• 29. 3. circumferences ; « whence the six right lines are equal 
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to one another; therefore the hexagon abcdef is 
e(][uilateral. It is also equiangular; tor because the 
circumference fa is equal to the circumference ed, 
add the circumference abcd, which is common ; there- 
fore the whole fabcd is equal to the whole edcba, 
and the angle fed stands upon the circumference 
fabcd, also the angle afe upon the circumference 
EDCBA. Therefore the angle afe is equal to fed. 
In like manner it may be demonstrated that the re- 
maining angles of the hexagon abcdef are each equal 
to each of the angles afe, fed ; therefore the hexagon 
abcdef is equiangular. But it has been shoWn to be 
equilateral, and is inscribed in the circle abcdef; 
wherefore an equilateral and equiangular hexagon has 
been inscribed m a given circle, q. e. f. 

Deduction, 

To describe an equilateral and equiangular hexagon 
upon a given finite right line. 



PROPOSITION XVI. 

Problem. 

To inscribe an equilateral and equiangular quindecagon 
in a given circle. 

Let ABCD be the given circle ; it is required to in- 
scribe an equilateral and equiangular quindecagon in 
the circle abcd. 

Inscribe in the circle abcd the side a c of an equi- 
lateral triangle, also ab the side of an equilateral 
pentagon. Therefore if such equal parts 
as the circumference abcd contains 
fifteen, the circumference a bc, the third b^ 
part of the whole, contains five; also ab, 
the fifth part of the whole, contains three ; 
therefore the remainder bc contains two 
parts. Bisect bc in e,* therefore each of the circum- a 30. 3. 
ferences be, ec, will be the fifteenth of the whole 
ABCD. If, therefore, the right lines be, ec, be drawn, 
and right lines equal to them be continually applied in 
the circle abcd, there will be inscribed in it an equi- 

PART I. I 




D 
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lateral and equiangular quindecagon.*' q. e. f. And 
in like manner as was done in the pentagon, if through 
the points of division right lines be drawn touching 
the circle, there will be circumscribed about the circle 
an equilateral and equian^ar quindecagon; and, also, 
as in the pentagon, a circle may be inscribed in a 
given equilateral and equiangular quindecagon, and 
may be circumscribed about it. 

* It was generally supposed that, besides the polygons here mentioned, 
no other could be mscribed by the scale and compasses only ; untU, at 
lengtii* M. Gauss proTed, m a work entitled DiMMuitioNci Arithmttiat, 
published at Leipsig in 1801* and translated into French by M. Delisle, 
that a polygon of seventeen sides might be inscribed by the method in 
question, and, oenerally, any polygon, the number ef whose aides n a 
prime Mmber of the form S* -f 1. 
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BOOK V. 



DEFINITIONS. 

1. A magnitude is a part of a magnitude^ a less of a 

greater, when the less measures the greater. 

2. A multiple is a greater magnitude of a less, when 

the less measures the greater. 

3. Ratio is a certain mutual habitude or relation of 

two magnitudes of the same kind, according to 
quantity.* 



* Several roathematiciAns have found fault with this definition of Euclid, 
considering it obscure and difficult to be understood. Among these, the 
Rev. Dr. Abram Robertson, Professor of Astronomy at Oxford, printed a 
neat and valuable paper in 1789, for the use of his classes, being a de- 
monstration of that definition, in seven propositions, the substance of which 
is as follows. He first premises this advertisement : 

" As demonstrations depending upon proportionality pervade every 
branch of mathematical science, it is a matter of the highest importance to 
establish it upon clear and indisputable principles. Most mathematicians, 
both ancient and modem, have been of opinion that Euclid has fallen short 
of his usual perspicuity in this particular. Some have questioned the truth 
of the definition upon which he has founded it, and almost all who have 
admitted its truth and validity have objected to it, as a definition. The 
author of the following propositions ranks himself amongst objectors of the 
last mentioned description. He thinks that Euclid must have founded the 
definition in question upon the reasoning contained in the first ^ix Hemnn- 
strations here given, or upon a similar train of thinking, and in his opinion 
a definition ought to be as simple, or as free from a multiplicity of condi- 
tions, as the subject will admit." 

He then lays down these four definitions : 

" 1. Ratio is the relation which one magnitude has to another of the 
same kind, with respect to quantity." 

" 3 If the first of four magnitudes be exactiy as great when compared 
to the second, as the third is when compared to the fourth, the first is said 
to have to the second the same ratio that the third has to the fourth." 

** 3. If the first of four magnitudes be greater, when compared to the 

1 2 
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4. Magnitudes are said to have a proportion to 
one another, which multiplied can exceed each 
other. 

6. Magnitudes are said to be in the same ratio, the 
first to the second as the third to the fourth, 
when the equimultiples of the first and third 
compared with the equimultiples of the second 



second, than the third is when compared to the fourth, the first is said to 
have to the second a greater ratio than the third has to the fourth. " 

'* 4. If the first of four magnitudes be less, when compared to the 
second, than the third is when compared to the fourth, the first is said to 
have to the second a less latio than the third has to the fourth." 

Dr. Robertson then delivers the propositions, which are the following : 

'* Prop. 1. If the first of four magnitudes have to the second the same 
ratio which the third has to the fourth ; then, if the first be equal to the 
second, the third is equal to the fourth ; if greater, greater ; if less, less." 

" Prop. 2. If the first of four magnitudes be to the second as die third 
to the fourth, and if any equimultiples whatever of the first and third be 
taken, and also any equimultiples of the second and fourtli ; the multiple 
of the first will be to the multiple of the second as the multiple of the third 
to the multiple of the fourth." 

" Prop. 3. If the first of four magnitudes be to the second as the third 
to the fourth, and if any like aliquot parts whatever be taken of the first 
and third, and any like aliquot parts whatever of the second and fourth, 
the part of the first will be to the part of the second as the part of the third 
to the part of the fourth." 

'* Prop. 4. If the first of four magnitudes be to the second as the third to 
the fourth, and if any equimultiples whatever be taken of the first and 
third, and any whatever of the second and fourth ; if the multiple of the 
first' be equal to the multiple of the second, the multiple of the third will 
be equal to the multiple et the fourth ; if greater, greater ; if less, less." 

*' Prop. 5. If the first of four magnitudes be to the second as the third 
is to a magnitude less than the fourth, then it is possible to take certain 
equimultiples of the first and third, and certain equimultiples of the second 
and fourth, such, that the multiple of the first shall be greater than the mul- 
tiple of the second ; but the multiple of the third not greater than the mul- 
tiple of the fourth." 

" Prop. 6. If the first of four magnitudes be to the second as the third 
is to a magnitude greater than the fourth, then certain equimultiples can be 
taken of the first and third, and certain equimultiples of the second and 
fourth, such that the multiple of the first shall be less than the muldple of 
the second, but the multiple of the third not less than the multiple of the 
fourth." 

** Prop. 7. If any equimultiples whatever be taken of the first and third 
of four magiutudes, and any equimultiples whatever of the second and 
fourth ; and if when the multiple of the first is less than that of the second, 
ihe multiple of the third is also less than that of the fourth ; or if when the 
multiple of the first is equal to that of the second, the multiple of tiie third 
is also equal to that of the fourth ; or if when the multiple of the first is 
greater than that of the second, the multiple of the third is also greater than 
that of the fourth ; then, the first of the four magnitudes is to the second as 
tiie third is to tiie fourtii." 

These propositions are demonstrated by strict mathematical reasonins ; 
the paper has been considerably enlarged by its learned author^ and recenUy 
published in the Edinburgh Encyclopedia. 
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and fourth, according to any multiplication what- 
soever, either togetner exceed, or are together 
equal, or are together deficient to e&ch other.* 

6. Magnitudes having the same ratio are called pro^ 
• portionals. 

7. But when of equimultiples, the multiple of the 

first exceeds the multiple of the second, but the 
multiple of the third aoes not exceed the mul- 
tiple of the fourth, then the first is said to have 
a greater ratio to the second, than the third hj|s 
to the fourth.t 

8. Proportion is a similitude of ratios. 

9. Proportion consists of three terms at least. 

10. If three magnitudes be proportionals, the first is 

said to have to the third a duplicate ratio of that 
which it has to the second. 

11. If four magnitudes be proportionals, the first is 

said to have to the fourth a triplicate ratio of 
that which it has to the second, and so forwards, 
always more by one, as long as the proportion 
contmues. 

12. Magnitudes are called homologous when the ante* 

cedents are to the antecedents, as the conse- 
quents to the consequents. 

13. Alternate ratio is the assumption of the antecedent 

to the antecedent, and of the consequent to the 
consequent. % 

14. Inverse ratio is an assumption of the consequent 

as the antecedent, and so compared with the 
antecedent to the consequent. § 



* See Euclid's other definition of proportion in the Seventh Book. 

*f Such as the ratios 3 : 1 and 10 : 7, for if the first and third be mul- 
tiplied by 2 and the second and fourth by 4> there will resuk 6:4; 
to : 28 ; where the first 6 is greater than the second 4, whilst the third SO 
18 less than the fourth 28. 

*"a;::;6;8}'^»«'*'™'«'^{5:6:;r:8 

In alternate proportion, it is necessary that the four nagnitndes be of the 
same kind. For if a line a be to a line b, as a number o is to n number d, 
it does not follow that the line a will be to the number c as the line b to die 
number b, since no ratio between a line and number can be aaeigQed. 



€IfA:B::c:Dl.. , fB:A::D: 

3:4::6:8/*''«""»'*"^'yt4:3i:8: 



c 
6 
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1& Composition of ratio is the assumption of the an- 
tecedent together with the consequent taken as 
one, to that consequent. * 

16. Division of ratio is the assumption of the excess, 

by which the antecedent exceeds the consequent, 
to that consequent, f 

17. Conversion of ratio is the assumption of the ante- 

cedent to the excess, by which the antecedent 
exceeds that consequent. % 

18. Ratio of equality is when there are several magni- 

tudes, and as many others, so that the first of 
the first magnitudes shall be to the last, as the 
first in the second magnitudes to the last. Or 
otherwise, the assumption of the extremes by 
subtracting the means. § 

19. Ordinate proportion is, when it shall be as ante- 

cedent to a consequent, so is an antecedent to a 
consequent, and as the consequent is to any 
other, so is the consequent to any other. || 

20. Perturbate proportion is, when there are three 

magnitudes and others equal to them in number, 
it shall be as an antecedent in the first magni- 
tudes is to a consequent, so is an antecedent in 
the second magnitudes to a consequent. And as 
a consequent in the first magnitudes to another, 
so is some other in the second magnitudes to an 
antecedent.** 

♦lfA:B::c:D).. . .^ fA+B:B::c + D:D 

S s 4 : : 6 : 8 } *«" ''y """P*"""" t 3 + 4 : 4 5 i 6 + 8 : 8 

} tten by di^uion {*l|;5 
> then by conversion it\ ^~! 

B : c : : E : F j ***®'* ^'°" equality j a : c : : d : f 
On the supposition that a, b, and c, are magnitudes in one order, and d, b, 
and F, in another. 

H If A : b : : a : 61 then if the ratios are taken equal in a direct order, 
B : c : : 6 : c Vand that the extremes are proportional, viz. a : d 
c : D : : c : (2 j : : a : d, it is called ordinate proportion. 

** As suppose the magnitude a is to the magnitude b as the magnitude c 
is to the magnitude d ; and again, suppose the consequent b is to some 
other magnitude e as some other magnitude f is to the antecedent c ; then 
is this proportion called, perturbate. For further elucidation, consult Feuu^ 
Euclid, page 167. 



If a : B : : c : D \ .. .„ « „ j:^.;«« fA-B:B::c— d:d 
3:4::6:8; *»^«n ^^J division | 4.3 . 3 . . 3-6 : 6 

^^V'l ::V l\ ^^ by conversion JV i'V'V TS 
3: 4:: 6: 8 I •' | 3 : 4— S : : 6 : 8— 6 



Book V.] EUCLID'S ELEMENTS. 119 

AXIOMS. 

1. ^' Equimultiples of the same, or of equal magni- 

tudes, are equal to one another." 

2. '' Those magnitudes of which the same, or equal 

magnitudes, are equimultiples, are equal to one 
another." 

3. '' A multiple of a greater magnitude is greater than 

the same multiple of the less." 

4. '' That magnitude of which a multiple is greater 

than the same multiple of another, is greater 
than that other magnitude." 
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PROPOSITION L 

Theorem. 

If there be any number of magnitudes equimultiples of 
as many other magnitudes^ each of each; whatsoever muL 
tiple one magnitme is of one, the same multiple shall all 
be of all. 

Let AB^ CD, be any number of magnitudes, equi- 
multiples of as many other ma^itudes e^ f, each of 
each; whatsoever multiple ab is of e, the same mul- 
tiple AB, CD, together, is of e and f together. 

For because a b is an equimultiple of £, and CD of f; 
as many magnitudes as are in ab equal to E, so many 
will there be in cd equal to f. Divide 
AB into parts equal to e, which let be ^ 
AG, GB ; also CD into parts equal to f, 
namely, ch, hd. Therefore the multi- ^ 
tude of parts ch, hd, will be equal to b 
the multitude of them ag, gb. And ^ 

because ag is equal to e, also ch equal to f ; ag, ch, 
• Ax. ?. 1. will be equal* to e and f. For the same reason gb is 
equal to e, and hd to f ; therefore gb, hd, will be 
equal to e and f : whence as many magnitudes as are 
in AB equal to e, so many are there in ab, cd, equal 
to E, F. Wherefore what multiple ab is of e, the same 
multiple will ab, cd, be of e, f. Therefore, if there 
be any magnitudes, 8cc. q. e. d.* 

The same by Algebra. 

Let there be any number of magnitudes amjan, equi- 
multiples of as many others m, n ; then shall a m be the 
same multiple of m as a w + a w is of w + n. For 
a m is contained a times in m^ and a m + a n is also 
contained a times in m + n. q. e. d. 



If 

Ie 



* This is only a particular case of proposition 12. 
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PROPOSITION 11. 

Theorem. 

If the first magnitude be the same multiple of the 
second as the third is of the fourth^ and the fifth be the 
same mtdtijble of the second as the sixth is of the fourth; 
then the first and fifth taken together wtll be the same 
multiple of the secom as the third and sixth are of the 
fourth. 

For let the first magnitude ab be the same multiple 
of the second c, as the third de is of the fourth f ; 
and a fifth magnitude bg be the same multiple of the 
second c, as the sixth eh is of the fourth f : then is 
AG the first and fifth taken together the same multiple 
of the second c^ as dh the third and sixth together is 
of the fourth f. 

For because ab is the same multiple of c as db is 
of F ; as many magnitudes as are in ab equal to c, so 
many will there be in de equal to f. j£ 

And for the same reason as many mag- 
nitudes as are in bg equal to c, so many ^ 
will there be in eh equal to p : therefore 
as many magnitudes as are in the whole 
AG equal to c, so many will there be in ^ 
the whole dh equal toF. * Wherefore •!. 5. 

whatever multiple a g is of c, the same 
multiple is dh of f : therefore ag the 
first and fifth taken together shall be the 
same multiple of the second c, as dh the third and 
sixth, is of F the fourth. Wherefore if the first be 
the same multiple, 8cc. q. e. d. 

The same by Algebra* 

Let a m and a n be equimultiples of the magnitudes 
m, n ; also b m^b n, equimultiples of the same ma^i- 
tudes m, n; then shall a tti + o m be the same multiple 
of m, as a n + 6 tz is of n. For m is contained 

a + 6 times in a m + b m\ and n is contained a + 6 
times in an -\- bn. Q. e. d. 



D 
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PROPOSITION III. 

Thkorbm. 

If the first magnitude be the same multiple of the 
second as the third is of the fourth^ and let equimmtiples 
of the first and third be taken ; therij by equality wUl 
each of the assumed eqmmultiples be an equimultiple of 
eachf the one of the second^ and the other of the jowrth. 

For let the first a be the same multiple of the 
second b as the third c is of the fourth d, and take 
EFy GHy equimultiples of a, c : then is ef the same 
multiple of B as GH is of d. 

For because ef is the same multiple of a as gh is 
of c ; as many magnitudes as are in ef equal to a, so 
many will there be in gh equal 
c. Divide ef into magnitudes ^ 

£Ky KF, equal to a ; also divide 



X. 



I 



i I \\^ 

E A B G C D 



CH into magnitudes equal to c; 
viz. GL, LH : therefore the mul- K 
titude of EKy KF, will be equal 
to the multitude of gl, lh. 
And because a is the same 
multiple of B as c is of D ; but ek is equal a, and gl 
to c ; EK will be the same multiple of b as gl is of d. 
For the same reason kf is the same multiple of b as 
LH is of D. Therefore because the first ek is the same 
multiple of the second b as the third gl is of the 
fourth D ; and the fifth kf is the same multiple of the 
second b as the sixth lh of the fourth d : tne ma^i- 
tude EF, the first and fifth together, is the same multiple 
of the second b, as g, h, the third and sixth together 
• «.5. is of the fourth d.* If, therefore, the first magnitude 
be the same multiple, &c. q. e. d. 

The same by Algebra. 

Let the magnitude 6 m be the same multiple of m, 
as & n is of 71 ; also let a bm, a b n, be equimultiples of 
the magnitudes b m,b n: then shall a b mhe the same 
multiple of ?ra as a 6 n is of n. For a b mis contained 
a b times in m, and likewise a b nis contained a b times 
in n. Q. E. D. 
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PROPOSITION IV. 

Theorem. 

If the first magnitudes have the same ratio to the second 
as the third has to the fourth, then any equimultiples of 
the -first and third will have the same ratio to any equi- 
multiples of the second and fourth^ according to any mulr 
tiplication whatsoever^ when compared with one another. 

For let the first magnitude a have the same ratio to 
the second b, as the third c has 
to the fourth d, and take any how 
£y Fy equimultiples of a, c, also 
others 6, h, equimultiples of b^ d : 
then as E is to c so is F to h. 

For take k, l, equimultiples of e^ 
F^and M, N, equimultiples of g, u . 

Therefore oecause £ is the 
same multiple of a as f is of c, 
and Ky L, equimultiples of e, f^ 
are taken : k will be the same ^ 
multiple of A as L is of c. For the same reason m 
will be the same multiple of b as n is of d. And be- 
cause A is to B as c is to d^ and k, l, equimultiples of 
Aj c, are taken, as also m, n, equimultiples of b, d : 
if K exceed m, l will exceed n ; and if equal, equal ; 
if less, less. And k, l, are equimultiples of e, f ; also 
M, N, any other equimultiples of g, h ; therefore as e 
is to G so will F be to h.* Wherefore, if the first have '5 Dcf.5. 
the same ratio, 8cc. q. e. d. 

The same by Algebra. 

Let the magnitude m have the same ratio to n, as p 
has to q; and let a m and a p be any equimultiples of 
m and p, also b n and b q equimultiples of n and q : 
then will a m have the same ratio iob n, as ap has to 

a q ; or a m : b n :: a p : b q, or t-= t^- For 
because - = - ; multiply each side of the equation 
by ^ and it will be 7- = 7^.* q. e. d. 

Deduction. 

If the first of four magnitudes have the same ratio 
to the second, which the third has to the fourth, then 
shall any equimultiples of the first and second have the 
same ratio which tne third has to the fourth. 



• Ax. 1. 5. 
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PROPOSITION V. 
Theorem.* 

If a magnitude be the same multiple of a magnitude, 
as a part taken away from the first is to a part taken away 
frtym the other j the remainder shall be the same multiple 
of the remainder as the whole is of the whole. 

For let the magnitude Asbe the same multiple of 
the magnitude cd, as ae, a part taken away from ab, 
is to CF, a part taken away from cd^ then is the re- 
mainder EB the same multiple of the remainder fd as 
the whole ab is of the whole cd. 

For whatsoever multiple ae is of cf, make eb the 
same multiple of cg. 

' i.5. And because ae^ is the same multiple of cf ^ 

as AB is of CD, and ae is put the same mul- 
tiple of CFy as AB is of CD ; ab is the same e 
multiple of OF or CD : and consequently gf is 
equal to cd. Take away the common part cf : 

^ 1 Ax, 5. therefore the remainder gc is equal ^ to the re- 
mainder DF. Whence, because ae is the same 
multiple of cf as eb is of gc, and gc is equal to df, 
AE will be the same multiple of cf as eb is of fd. 
But AE is the same multiple of cf as ab of cd : 
therefore eb is the same multiple of fd as ab is of 
CD ; whence the remainder eb is the same multiple of 
fd as the whole ab is of the whole cd. q. e. d. 

The same by Algebra. 

Let the magnitude a m be the same multiple of m as 
a n, a part taken from the first, is of n a part taken from 
the second ; then shall the remainder, viz. a m — a n, be 
the same multiple of the remainder, viz, w — n, as the 
whole a m is ofthe whole m. For a ?» — a n is contained 
a times in m — n ; also amis contained a times in m. 

Q. E. D. 



• I have followed the Greek edition of Oxford, in making bb the same 
raaltiple of cg, as ab is of cf; which is likewise the case in Peyrard's 
edition. 
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PROPOSITION VI. 

Throrem. 

If two magnitudes be equimultiples of two others j and 
some parts taken away from them be equimultiples, then 
shall the remainders be either equal to these^ or equimuU 
iiples of them. 

For let there be two magnitudes, ab, cd, equimul- 
tiples of two others, e, f, and some parts, ag, ch, 
tsiken away from them, be equimultiples of them, e, f, 
then the remainders gb, hd, are either equal to £, f, 
or equimultiples of them. 

For, first, let gb be equal to e : ^.k ^ 

then is HD equal to f. Make ck ^ 

equal to f. And because ag is the 
same multiple of e as ch is of f, 
and GB is equal to e, ck also 
equal to f: ab^ will be the same 
multiple of E as KH is of f. But 
AB is put the same multiple of e as cd is of f : there- 
fore KH is the same multiple of f as cd is of f : whence 
because kh, cd, are each the same multiple of f, kh 
will be equal ^ to cd. Take away ch, which is com-** lAx. 6. 
mon : therefore the remainder kc is equal to the re- 
mainder hd. But KC is equal to f: whence hd is 
equal to f. If, therefore, gb be equal to £, hd will 
also be equal to f. 

In like manner, we demonstrate (as in fig. 2) if gb 
be a multiple of e, hd will be the same multiple of f. 
If, therefore, two magnitudes, &c. q. e. d. 

The same by Algebra. 

Let the magnitudes am, an, be equimultiples of 
two others m, n, also bm, bn, some parts of the first 
magnitudes, be equimultiples of m, n, then shall the 

remainders, viz. a — im, a — i w, be either equal to m, n, 

or equimultiples of them. For if a — A be equal to 1, it 

is manifest that a — bm, a ^ bn, are equa l to m and n; 

but if not, then since a— bm is contained a — b times in 

m, and a — 6 n is contained a — 6 times in w, a — 6 m is 

the same multiple of m as a — ^ n is of n. q. k. d. 
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PROPOSITION VII. 

Theorem. 

Equal magnitudes have the same ratio to the same 
magnitude, <md the same magnitude lias the same ratio la 
equal magnitudes. 

Let A, B, be equal magnitudes, and c some other 
magnitude, then a, b, have the same ratio to c, and 
also c has the same ratio to either a or b. 

For make d, e, equimultiples of a, b, and f any 
other multiple of c. 

Then, because d is the same multiple of 
a as E is of B, and a is equal to b, d will 
also be equal to e. But f is any other mul- 
tiple of c ; therefore, if d exceed f, e will d aJ 
also exceed f ; if equal, equal ; and if less, k ^1 I 
less. And d, e, are equimultiples of a, b, 
but F some other multiple of c : therefore 

• 5Def. 5. A* will be to c as B is to c. Moreover, c 

has the same ratio to either a or b : for the same con- 
struction being made in like manner, we demonstrate 
D to be equal to e. If, therefore, f exceed d, it will 
also exceed e ; and if equal, equal ; if less, less. And 
F is any multiple of c ; out d, e, any other equimul- 
^5 Def. 5. tiples of A, B : therefore as c** is to \, so will c be to b. 
wherefore, equal magnitudes, &c. q. e. d. 

The same by Algebra. 

Let m and n be equal magnitudes, and p some other 
magnitude ; then m : p : : nip ; or, if m : p : : n: p, 
the magnitudes m and n are equal to one another. For 
take am, an, equimultiples of m and n ; also cp, some 
multiple ofp; then since m, n, are equal, am, an will 
also be equal; therefore^ if a ?» be greater, equal, or less, 

• 5Def. 5. than cp,an will* likewise be greater, equal, or less, 

than cp. But am, an, are equimultiples of the first 
term m, and of the third termn, also cp, cp, are equi- 
multiples of the second and fourth terms p,p* Whence 
m : p : : n : p. Again, if m : p : : nip, it follows that, 
t 5 Dcf.6. if am be greater, equal, or less, than cp,an will also + 
be greater, equal, or less, than cp. Therefore, m=>n. 

Q. B. D. 
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PROPOSITION VIII. 

Theorem. 

Of unequal magnitudes^ the greater has a greater 
ratio to the same magnitude than the less has; and the 
same magnitude has a greater ratio to the less than it has 
to the greater magnitude. 

Let AB, c, be unequal magnitudes, and let ab be 
greater than c ; also let d be some other magnitude ; 
then AB has a greater ratio to d than c has to d ; also 
D has a greater ratio to c than it has to ab« 

For, Because ab is greater than c, 
make be ^ equal to c ; therefore, the less 
of AE, £B, being multiplied, will at 
length be greater than d. First, let ae 
be less than ab, and multiply ae until 
it becomes greater^ than d ; let fg be 
the multiple of ae, which is greater 
than D ; then make gh the same multiple 
of EB, and K of c, as fg is of ae ; and 
take L, double of d, m, triple of it, and 
so on, greater by one, until a multiple is taken greater 
than D, and in the first place greater than k. Let n 
be this magnitude, being quadruple of d, and in the 
first place greater than k. Therefore, because k 
is less than n, k will not be less than m. And 
since fg is the same multiple of ae as gh is of 
EB, fg^ will also be the same multiple of ae as fh is « 1. 5. 
of AB. But FG is the same multiple of ae as k is 
of c, and, consequently, fh, k, are equal multiples of 
AB, c. Again, because gh is the same multiple of eb 
as K is of c, and eb is equal to c, gh will also be 
equal to k. But k is not less than m ; therefore gh is 
not less than m. But fg is greater"^ than d; whence <i By con. 
the whole fh will be greater than d, m, together. But 
D, M, together are equal to n ; wherefore fh exceeds 
N ; but K does not exceed N : and fh, k, are equimuU 
tiples of AB, c, and n some other multiple of d. There- 
fore^ AB has a greater ratio to d than c has to d. 

Moreover, d has a greater ratio to c, than d has to 
AB. For, the same construction being made, in like 
manner we demonstrate that n exceeds k, but does not 
exceed fh. And n is a multiple of n, also fh, k, 



« 7 Def. 5 
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some other equimultiples of ab, c ; therefore d has a 
' 7 Def. 5. greater^ ratio to c than d has to ab. 

* 4 Def. 5, But if AB be greater than eb, therefore eb^ the less 

may be multiplied until it be greater than d. Let it 

be multipUed; and let gh be that 

multiple of eb, greater than d. And 

what multiple gh is of eb ; the same 

multiples make fg of ae, and k of c. 

For tne same reason, when we before 

showed FH and k are equimultiples of 

AB, c. And in like manner, take n 

the same multiple of d, but in the first 

place greater than fg ; therefore again kh ci> lbcn 

FG is not less than m ; but gh greater 

than D : therefore the whole fh exceeds d and m to- 

gether, that is n. But k does not exceed n, because 

FG, which is greater than gh, that is, than k, does 

not exceed n. And in like manner, as before said, 

we finish the demonstration. Therefore of unequal 

magnitudes, the greater has, 8cc. q. e. d. 

The same by Algebra. 

Let m and n be two unequal magnitudes of which m 
is the greater, and let p be some other magnitude; 
then m has a greater ratio to p than n has ; and p has 
a greater ratio to n than it has to m. Take a and b 
equimultiples of m and n, so that e, a multiple of p, 
may be greater than 6, but less than a (which will easily 
happen if both a and b be taken greater than p). It is 

• Def.7.5. evident that -* > -, and ^ < ^. Q. e. d. 



PROPOSITION IX. 
Theorem. 

Magnitudes which have the same ratio to the same 
magnitude^ are equal to one another : and those to which 
the same magnituae has the same ratio are equal to one 
another. 

For let each of the magnitudes a, b, have the same 
ratio to c : then is a equal to b. 

For if they were not equal, a and b would not hava 
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the same ratio" to c, but they have: therefore • 8.5. 

'A is eqaol to b. I 

Again, let c have the same ratio to a and b, 
then A is equal to c. 

For if it were not equal, c would not have 
the same ratio* to a, b, but they have : there- 
fore A is equal to b. Therefore those magni- 
tudes which have the same ratio to the same 
magnitude, &c. q. £ d. 

The same by Algebra. 

Let m and n be two magnitudes, and let p be some 
other magnitude ; then ifm : p :: n : p ; m=z n. For 

- = -, .•. m = n. Again, if p : m :: p : n; m = n. 
For - = -, OT n p =i m p, .*. ;i = m, q. £• d. 



• 7.5. 



PROPOSITION X. 

Theorem. 

Of magnitudes having a ratio to the same mUgnitvde^ 
that which has the greater ratioy is the greater of the 
two ; but to that which the same magnitude has the greater 
ratio, is the less of the two. 

For let A have to c a greater ratio, than b has to c : 
then is a greater than b. 

For if it be not greater, it is either equal or 
less. But it is not equal to b, for then each i 
of the magnitudes a, b, would have the same 
proportion to c* But they have not ; there- 
fore A is not equal to b, neither is a less than . 
B, for then a would have a less proportion to 
c, than B has to c ;^ but it has not ; therefore A is not •» 8. 5. 
less than b. And it has been shown not to be equal : 
wherefore a shall be greater than b. 

Again, let c have a greater ratio to b than c has to 
A : then b is less than a. 

For if it be not less, it is either equal or greater. 
B ifi not equal to a ; for then c would have the same 
ratio to both a and b.*^ But it has not: wherefore*^- 
A is not equal to b ; neith^is b greater than a y for 
then c would have a less rali||^to b than it has to a.^ ** ^* 
But it has not : therefore b is not greater than a. And 
it has been shown not to be equ^ : wherefore b shall 
be less than a. Therefore oi magnitudes having a 
.ratio, &c. q. e. d. 

PART 1. K 
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The same by Algebra. 

Let m, n, be two magnitudes, and p some other mag- 
nitude, and let m have a greater ratio to p, than n has 

to p ; then fn>n, for - > -, /. m>n. Again, if p 

have a greater ratio to n than it has to m ; n< m. 
For if not, it would be either equal or greater; but 
n does not equal m; for then p :n :: p: m; but it is 
not, neither is it greater; for then p would have a 
greater ratio to m than to n, but it has not : whence n 
is not greater than m, nor does n = m; .*. ft < «• 

PROPOSITION XI. 
Theorem. 

Ratios which are the same to the same ratio are the same 
to one another. 

For let A be to B as c is to d, and as c is to d so is 
£ to F : then as a is to b so is e to f. 



G H K. 

A C K- 

B — D F- 

L M x- 



For take o, h, k, eauimultiples of a, c, £ ; also any 
other L, M, N, equimultiples of b, jd, f. 

Therefore, because it is as a to b so is c to d, and 
G, H, are taken equimultiples of a, c, also L, m, any 
other equimultiples of b, d : if g exceed l, h will also 

• SDtL5» exceed m ;^ if equal, equal; and if less, less. Again, 

because it is as c is to ]>, so is £ to f, and h, k, are 
taken equimultiples of c, e ; also m, n, any other equi- 
multiples of D, F : if H exceed m, k will also exceed 
N ; if equsJ, equal ; and if less, less.^ But if h exceed 
M, G wul also exceed l ; if equal, equal ; and if less, 
less. Wherefore, if g exceed l, k will also exceed 
N ; and if equal, equal ; and if less, less. And g, k, 
are equimultiples of a, e, also l, n, any other equi- 
multiples of B, F : therefore as a is to b, so will s be 
to F.^ Wherefore ratios^* which are the same to the 
same ratio, &c. q. e. i ^ 

The same by Algebra. 

Let a : b :: e \J; and c : d : : e \f; then a\b w cid. 
Take g. A, i, eqmmultiples of £x, c, e ; and A, /, m, equi- 

• Hjp. multiples of A, d, /. Because aib :ie i f^ if g <, 
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=f > *,t then also i <, =, > m. And likewise be- 1 Def.5. 
cause e :/:: c : d,t if A <, =, > /,t then is i also t Hj^P- 
< , => > w : § whence a: b ::c:d. q. e, n. 

PROPOSITION XIL 

Theobem, 

If there be any number of magnitudes proportional; as 
one of the antecedents is to one of* the consequents^ so will 
all the antecedents be to all the consequents. 

Let any number of magnitudes a, b, c, d, e, f, be 
proportional ; that is, as a is to b, so is c to n, and e 
to F : as A : By so are a, c^ e, to b, d, f. 

For take g, u, k, equi- 
multiples of A, c, e; also Q h 

L, M, N, any other equi- jj «. 

multiplesofB^D^F. There- 

fore, oecause as a is to K H 

b so is c to D and e to f ; ^ ^ 

and G, H, K, have been — 

taken equimultiples of a, Q E 

c, E ; also L, M, N, any ^ p 

other equimultiples of b, 

D, F : if G exceed l, h will also exceed m,* and ' ^ ^^^' ^• 
K exceed n ; if equal, equal ; and if less, less. Where- 
fore, if G exceed l ; g, h, k, will also exceed l, m, n ; 
if equal, equal ; and if less, less : g, and g, h, k, are 
equimultiples of a, and a, c, e. Because^ if there be ** i-^? 
any number of magnitudes equimultiples of as many 
magnitudes, each to each, whatsoever multiple any 
one of them is of its part, the same multiple shall all 
the first magnitudes be of all the others ; for the same 
reason, l, and l, m, n, are equimultiples of b, and b, 
i>, F : therefore it is*^ as a is to b, so are a, c, e, to • 5 Def. 5. 
B, D, F. Wherefore, if there be any number, &c.§ 

Q. £• D* 

Tlie i^ame by Algebra* 

Let 8 \ t :: m s I m 1 1: n s : n t, 8cc. ; then will 
s 1 1 II s -^ m s + n s 1 1 -{• m t + n tj &c. 

-Tor = -7 r- = -, the same ratio. 

DedticHon. 
If any number of equal ratios be each greater than 

§ This M the same as the twelfth proposition of the seventh book with 
regard to numbers. 

k2 
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a given Tatio, the ratio of the sum of their antecedents, 
to the sum of their consequents, shall be greater than 
that given ratio. 

PROPOSITION XIII. 

Theorem. 

If thejirst magnitude have the same ratio to the second^ 
as the third has to the fourth; but the third have a greater 
ratio to the fourth^ than the fifth has to the sixth : the first 
magnitude shall also have a greater ratio to the second 
than the fifth has to the sixth. 

For let the first magnitude, a, have the same ratio to 
the second, b, as the third, c, to the fourth, n ; but let 
the third, c, have a greater ratio to the fourth, n, than 
the fifth, E, to the sixth, f : then shall the first ma^- 
tude. A, also have a greater ratio to the second, b, than 
the fifth, £, to the sixth, f. 

For because c has a greater ratio to d than £ to f, 
there are some equimultiples of c, £, and some other 

5£ G H 



E 






equimultiples of n, f, such, that the multiple of c is 
greater than the multiple of d, but the multiple of £ 

• 7Der.d. 18 not greater than the multiple of f.^ And take 6, h, 
equimultiples of c, £, also k, l, some other equimul- 
tiples of D, F, so that 6 shall exceed k, but h shall 
not exceed l ; and whatever multiple 6 is of c, the 
same let m be of a ; also whatever multiple k is of d, 
the same multiple let n be of b. 

And because it is as a is to b so is c to d, and m, 
G, are taken equimultiples of a, c, also n, k, other equi- 

k 5Def.5. multiples of b, d : if m exceed^ n, g, will also exceed 
K ; ii equal, equal ; and if less, less. But g exceeds 
K ; therefore m also will exceed n. But h does not 
exceed l ; and m, h, are equimultiples of a, e, and 
N, L, some other equimultiples of b, f : wherefore a 
shall have a m^eater ratio to b than e to f. If there- 
fore the first nave the same ratio, 8cc. q. e. d. 



Pbop. 14.] EUCLID'S ELEMENTS. 133 

The same by Algebra. 
Let a :b :i m aimb ; also — i < t ; then will 

a* e -r* ma e a e 

Y < :;. For —1 < j; or X < J. q. e, d. 

b d mo d^ b d ^ 

Deductions. 

1. If the first of four magnitudes have a greater 
ratio to the second than the third has to the fourth ; 
then shall the second have a less ratio to the first than 
the fourth to the third. 

2. If any number of ratios be greater to the same 
ratio, then shall their sum be greater than that ratio 
multiplied by the number of the first ratios. 

PROPOSITION XIV. 

Theorem. 

If the first magnitude have the same ratio to the second^ 
as the third has to the fourth^ if the first be greater than 
the third f the second wilt also be greater than the fourth ; 
if equals equal; and if less^ less. 

For let A, the first magnitude, have to b, the second, 
the same ratio which c, the third, has to d, the fourth, 
and let a be greater than c ; b will 
also be greater than d. ^ 

For because a is greater than c, B 

and B some other magnitude ; a shall c 



have a greater ratio to b, than c to ^^ 

B.* But as A is to B, so is c to D ; "^ ' 8- ^« 

wherefore also c will have a greater ratio to d than c 

has to B.** But to that which the same magnitude has ^ i3. 5. 

a greater ratio is the less :^ whence d is less than b: « lo. 5. 

and, consequently, b will be greater than n. 

In like manner we demonstrate, that if a be equal 
to c, b will also be equal to d ; and if a be less than 
c, b will also be less than d. If, therefore, the first 
magnitude have the same ratio, &c. q. £. d. 

The same by Algebra. 

Let a:6::c:(i;or-=-; then if a < , = , or > c, 

I shall also be <, =, or > than d. Let a < c,** 8.5. 

then^ < p but ^ = ^; whence, t 7 < p therefore,! is. 5. 

b < d. In the same manner, if a > c, J then is b > d. * ^^* ^' 
But if a = r, then a : b :: c : b. So that b i= d. 

Q. £. I), 
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PROPOSITION XV. 

Theorem. 

Magnitudes, when compared to one another^ have the 
same ratio as their equimultiples have to one another. 

For let AB be the same multiple of c^ as de is of f, 
then as c is to v, so is ab to de. 

For because ab is the same multiple of c as de is 
of F ; as many magnitudes as are in ab equal to c, so 
many will there be in de equal to f. Divide ab into 
magnitudes each equal to c^ which let be ^ 

AGy GH, hb; and de into magnitudes B 
each equal to f, viz. in dk, kl, le. 
Therefore the multitude in ag, gh, hb, ^ 
will be equal to the multitude of dk, kl, g 
LE. And because ag, gh, hb, are equal 
to one another, also dk, kl, le, are 
equal to one another, they will be as a g is to dk^ so 

•7.5. is gh to KL, and hb to le.* And it will be as one 
of the antecedents is to one of the consequents, so 

^ 12.5. are all the antecedents to all the consequents:^ there- 
fore it is as AG is to dk so is ab to de. But ag is 
equal to c, and dk to f : therefore as c is to f so will 
ab be to de. Therefore magnitudes, when compared 
to one another, &c. q. £. d. 

The same by Algebra, 

Let a and b be any two quantities, and ma, mb, 
any equimultiples of them, m being any number what- 
ever; then will a : b ::ma :mb. For ^ =:^. q. e. d. 

mo 

PROPOSITION XVI. 

Theorem. 

If four magnitudes of the same kind be proportional, 
they shall also be alternately proportional. 

Let the four magnitudes a, b, c, d, be proportionals, 
viz. as A is to B so is c to D. They shall also be alter- 
nately proportional ; viz. as a is to c so is b to d. 

For take e, f, equimultiples of a, b ; also g, h, any 
other eouimultiples of c, d. 

And because e is the same multiple of a as f is of 
b; and magnitudes when compared to one another 
have the same ratio as their equimultiples have to one 
another; it will be as a is to b so is £ to f. But as 
A is to B so is c to D ; therefore as c is to d so is e to 
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F/ Again, because g, h, f ■ ii. 5. 

are equimultiples of c, d ; 
it will be as c is to d so is 
G to H. But as c is to D 
so is £ to F : therefore as 

£ is to F so is G to H.* 

But if four magnitudes be 

proportional, and the first be greater than the third ; 

then the second will be greater than the fourth;** if "* !*• 5, 

equal, equal ; and if less, less. If therefore £ exceed 

G, F will also exceed h ; if equal, equal ; and if less, 

less. And £, f, are equimultiples of a, b, and g, h, 

some other equimultiples of c, d ; therefore as a is 

to c so will B be to d.*^ If, therefore, four magnitudes * 6 Dcf. 5. 

be proportional, &c. q. £. d. 

The same by Algebra, 
Let aib :i cid; then will a : c \ib : d: or - = - 



multiply each side of the equa- 



For because t = t ; 

tion by -, and it will be ^ = —* or - = -r. Q. £• d. * ^ Ax. 5. 

•^c' heed e a 

Deduction, 

If the first of four magnitudes of the same kind 
have a greater ratio to the second than the third 
has to the fourth ; the first shall also have a greater 
ratio to the third than the second has to the fourth. 



PROPOSITION XVII. 

Theorem. 

If magnitudes when compounded be proportional^ they 
wiu also be proportional when divided. 

Let the compounded magnitudes ab, be, cd, df, be 
proportional, and let it be as a b is to be so is cd to 
DF : they are also proportional when divided; viz. as 
ae is to eb so is of to fd. 

For take gh, hk, lm, mn, equimultiples of ae, eb, 
CF, fd; also kx, np, any other equimultiples of 

EB, FD« 

And because gh is the same multiple of ae as hk 
is of EB ; GH will also be the same multiple of ae 
as GK is of AB.* But GH is the same multiple of ae ' ^* ^* 
as LM is of CF : therefore gk is the same multiple of 
AB as LM is of CF^. Again because lm is the same 
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multiple of cf as mn is of fd ; lm will ^, p^ 

also be the same multiple of cf as ln is kI s\ 

of CD. But LM was the same multiple ^\ 

of cf as GK of AB : therefore gk is the ^ 

same multiple of ab as ln is of cd ; 

wherefore gk, ln, are equimultiples of 

AB, CD : again, because hk is the same 

multiple of £B as mn is of fd ; and kx 

is the same multiple of eb as np is of fd; also hx 

compounded is the same multiple of eb as Mi^ com- 

■» t, 5. pounded is of fd.^ But since as a b is to be as cd is 
to DF, and gk, ln, are taken equimultiples of ab, cd, 
also HX, MP, any other eqmmultiples oi be, fd: then 
if GK exceeds hx, ln will also exceed mp ; if equal, 

• 5 Def.5. equal; and if less, less.*^ Therefore let gk exceed hx, 
taxing away hk, which is common, and gh will exceed 
kx. But if GK exceeds hx, and ln exceeds mp ; 
whence ln exceeds mp, and taking away mn, which is 
common, lm will, likewise, exceed np: wherefore if 
GH exceeds kx, lm will also exceed np. In like 
manner we demonstrate, that if gh be equal to kx, 
lm is also equal to np ; and if less, less. But gh, lm, 
are equimultiples of ae, cf, and kx, np, any other 
equimultiples of ae, cf: therefore as ae is to eb so 
will cF be to FD.*' If, therefore, magnitudes when 
compounded, &c. q. e. d. 

The same by Algebra. 

Let the magnitudes when compounded, viz. a, 6, c, d, 
be proportional, that is a : b : : c : d; they will also 
be proportional when divided ; viz. a ^ b : b :: 

c -^ d : d. For - = - subtract one from each side 

a 

♦3 Ax.i. of the equation, and it will be r "" 1 = t — 1,* or 

a 

a — b c — d 

— r — = — T— . Q. E. D. 
o a 

PROPOSITION XVIIL 

Theorem. 

If magnitudes when divided be proportional ; they will 
also be proportional when compounded. 

Let the divided magnitudes ae, eb, cf, fd, be pro- 
portionals, viz. as AE to eb so is cf to fd ; they are 
also proportional when compounded, viz. as ab to be, 
so is CD to fd. 
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For if it be not as As to be so is cd to fd ; it will he 
as A B to BE so is CD to a magnitude either less or greater 
than FD. First let it be to a less, namely, to 
DO. And because it is as ab to be so is cd 
to DG, these compounded magnitudes are pro- ^ 
portional : therefore they will also be propor- 
tional when divided : ■ whence it is as ae to eb K • i^- 5. 
so is C6 to 6D. But it is as ae to eb so is 
CB to FD : wherefore as cg to gd so is cf 
to FD.*' But CG, the first magnitude, is greater ^ ^^•^• 
than CF, the third; therefore also the second magnitude, 
GD, will be greater than the fourth, fd.^ And it is like- * lo. 5. 
wise less, which is impossible: whence it is not as 
AB to BE so is CD to a magnitude less than fd. In 
like manner we show that it is not to a greater. There- 
fore it is as A B to BE so is cd to fd. Wherefore if 
divided magnitudes, 8cc. q. e. d. 

The same by Algebra. 

Let the divided magnitudes a, &, c, d, be proper* 
tional, they are also proportional when compounded ; 

viz. a + b : b : : c + d : d, ov ^4-— — -4— • ^or 

a 

since - = ^,* add 1 to each side of the equation, and * By hyp, 

it will be ^ + 1 = ^ + 1 ;t or ^-^ = —j— by re- 1 2 Ax. i. 
ducing the quantities to improper fractions, q. £. d. 

Deduction. 

If the first of four magnitudes have a greater ratio 
to the second than the third has to the fourth, the first 
together with the second shall have a greater ratio to 
the second, than the third together with the fourth 
have to the fourth. 

Dr. Simson has not only given us a very formidable demonstration of thia 
proposition, but has also written nearly three pages in confuting the ob- 
jection urged by Hieronymus Saccherius, and establishing his own: he says, 
/* the present demonstration is none of Euclid's, nor is it legitimate ; for it 
depends upon this hypothesis, that to any three magnitudes, two of which 
at least are of the same kind, there may be a fourth proportional." Dr. S. 
must surely have been aware that the theorem does not command us to find 
a fourth proportional to the three magnitudes in question ; but only that 
such a proportional can possibly exist; and that it may, is evident if we con- 
ceive the third magnitude any multiple of the first, and also conceive some 
fourth magnitude the same multiple of the second ; for then the four will 
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b« proportloiial bj tiie fifteenth propontUm; althoagh it Is certain tiuU 
there are lome BMgnitndef » which cannot be found to be exact multiples of 
other magnitodes ; or, as they are called by mathematicians, incommen* 
surablesi yet the tiieoiem itself will hold good even when applied to these 
incommensarables, as Dr. Gregory remariu in hu edition of Mutton's 
Mathematics. It is true that even a conception of a thing founded upon 
an uncertain hypothesis ought never to be admitted, as it is not con- 
sonant with the ri^d accuracy of geometrical reasoning, and is calculated to 
beget error: nevertheless, we find it frequently employed in modem 
systems of geometry ; and Dr. Hotton, in the third proposition of his Geo- 
metry, says, '* ooncdve the angle acb to be bisected," without having 
shown US bow it is bisected, or even the possibility of its being done. 

PROPOSITION XIX. 

Theorem. 

If a whole magnitude be to a whole magnitude, as a 
part taken away fiom the first is to a part taken away 
from the other ; then shaU the remainder be to tlie re- 
mainder as the whole to the whole. 

For let the whole magnitude a b be to the whole cd 
afl A£, a part taken from the first ma^nitude^ is to cf, 
a part taken from the other: then is the remainder 
EB to the remainder fd as the whole ab to the 
whole CD. 

For because it is as ab to cd so is ae to cf ; and, 

• 16.5. alternately, as ba is to ae so is nc to cf.*^ And 

because magnitudes when com- 
pounded are proportional, they a S — b 

shall also be proportional when c ■: d 

k 17.5. divided;** therefore as be is to * 

EA so is DF to Fc ; and, alternately, as be is to df so 
is EA to Fc. But as ae to cf so is the whole ab to 

• By hyp. the whole CD.*= Therefore, the remainder eb will be 

to the remainder df as the whole ab to the whole cd. 
If, therefore, a whole magnitude^ &c. q. e. d. 

Corollary. 

Hence it is manifest if compound magnitudes be 
proportional, they will also be proportional by con- 
Yersion. For because it is as ab to cd so is ae to cf ; 
and, alternately, as ab is to ae so is cd to cf; there- 
fore magnitudes are proportional when compounded. 
But it has been shown as ab is to eb so is dc to fd, 
and it is by conversion, q. e. d. 
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The same by Algebra. 

Let a and h be two magmtades, also c and d some 
other magnitudes, which are respective parts of a and b; 
then \{ ai b \i c \ d; it shall also be a — c : & — • d( 
: : a : 6. For as a : & : : c : (2^ alternately a i aib : d;* * ^^' *• 

or - =s ^9 subtract 1 from each side of the equation^ 

and it will be-— 1=-^— 1:+ or ^^-^ = -^ - 1 3 Ax. i. 

whence a — c:c::i— d:d, and alternately a — c 
: i — d : : c :d; but c : d :: a : b; wherefore a — c 
: i — d : : a : 6. J q. £• n. t ii. 5. 

If any number of magnitudes be proportional, their 
differences will also be proportional. 

PROPOSITION XX. 

Theorem. 

If there be three magnitudes, and other three which 
taken two and two have the same ratio, then, if the first 
he greater than the third, the fourth also wilt be greater 
than the sixth ; if equal, equal; and if less, less. 

Let A, By c, be three magnitudes, and d, e, f, other 
three, taken two and two, have the same ratio, viz. as 
A is to B so is D to £, also as b is to c so is £ to f : 
then if a be greater than c, d also will be greater than 
F ; if equal, equal ; and if less, less. 

For because a is greater than c, and b 
some other magnitude, and the greater 
magnitude has a greater ratio to the 
same than the less has;* thererefore a . 8. 5. 

has a greater ratio to b than c has to b. 
But as A is to B so is d to e, and in- 
versely as c is to B so is f to £ ; and d 
therefore has a greater ratio to e than f to e. But of 
those magnitudes having a ratio to the same magnitude, 
the greater has a greater ratio,^ whence D is greater * lo. 5. 
than F. In like manner we show, if a be equal to c, n 
will also be equal to f ; and if less, less, if, therefore, 
there be three magnitudes, 8cc. q. e. d. 

The same by Algebra. 

Let a, by c, be three magnitudes, and d, e, f, other 
thr^ which taken two and two have the same ratio, 

^'■ 
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viz. a : b : : d : Cf and b : c :: e : f; then if a be 
greater than c, d shall also be greater thany*; if equal, 

• Hjrp. equal ; and if less, less. If a < c, then because •« if 

: : A : c, by inversion it will be .'.f:e::c:b. But 

1 8. 5. ^ > ^,t therefore - > r or ~, therefore d < f. In like 

manner we show, if a > c, also d >f, if a = c. 
7. 5. Becausey*: e : : c : b : : Xa : b : : d : e^. Whence d =y*. 

11» ^ Q E D 

PROPOSITION XXI. 

Theorem. 

If there be three magnitudes^ and others eoiml to them 
in number y which taken two and two have trie same ratioy 
and let their proportion be perturbate; if the fist magni- 
tude be greater than the thirds the fourth^ aho^ wiU be 
greater than the sixth; if equal, equal; arid ifless, less. 

Let A, B, c, be three magnitudes, and others d, e, f, 
equal to them in number, which taken two and two 
have the same ratio, and let their proportion be per- 
turbate ; viz. as A is to B so is E to f, 
and as B is to c so is D to £ ; then if a 
be greater than c, d will also be greater 
than F ; if equal, equal ; and if less, less. 

For because a is greater than c, and 
B some other magnitude ; therefore a 

• 8. 5. has a greater ratio to b than c has to b.^ abc d s 7 

But as A is to B so is £ to f ; also in- 
versely, as c is to B so is £ to D ; therefore also e has 
a greater ratio to f than e to d. But to that magni- 
>• 10.5. tude, which the same has a greater ratio, is the less;** 
therefore f is less than d ; whence d is greater than f. 
In like manner, we show if a be equal to c, d will 
also be equal to f ; and if less, less. If, therefore, there 
be three magnitudes, 8cc. q. e. d. 

The same by Algebra, 

Let a, i, c, be three magnitudes, and others d, e, f 
equal to them in number, which taken two and two 
have the same ratio, viz. a : b :: e : f and b : c :z 
die ; i{ ahe greater than c, d is also greater than f; 
if equal, equal ; and if less, less. 

1. If a > c, then because d : e :: b : c, therefore, in- 
versely, e : d :: c : i, but r < t; whence j < r> ^^^^.t 

is, than ^, therefore, d >f 
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2. In like manner, if a < c, then isd < f. 

3. If a = c, then because e : d :: c : b :: a : b :: e :f, 
therefore is d = jf. q. e. d. 

PROPOSITION XXII. 

Theorcm. 

If there be any number of magnitudes^ and others 
eaual to them in number^ which taken two and two have 
the same ratio^ they shall also be by equality in the same 
ratio, *' that m, the first shall be to the last of the first 
magnitudes^ as the first of the others is to the last" 

Let there be any number of magnitudes a, b, c, and 
others equal to them in number, viz. d, e, f, which 
taken two and two have the same ratio^ as a is to 9 
so is D to E, and as b is to c so is e 'to f ; then by 
equality, a shall be to c as d to f. 

For take g, h, equimultiples of a, d, and k, l, any 

other equimultiples of b and 

E ; moreover m, n, any other ^ ^ I 

equimultiples of c, f. And c — m 

because a is to b as d is to 2~2 ? 

E ; and g, h, are taken equi- p jj 

multiples of a, d, also k, l, 

any other equimultiples of b, e ;* therefore as g is to • 4. 5. 
K so is H to L. For the same reason as k is to m so 
is L to N. And because g, k, m, are three magni- 
tudes, and others equal to them in number, viz. h, l, n, 
which taken two and two are in the same ratio ; there- 
fore by equality^ if g exceeds m, h also exceeds n ; ^ 20.5. 
if equal, equal ; and if less, less. And g, h, are equi- 
multiples of A, D, also M, X, any other equimultiples 
of c, F ; therefore it is as a is to c so is d to f.^ If, ' 5Def. 5. 
therefore, there be any number. Sec. q. e. d. 

The same by Algebra, 

Let a, 6, c, be any magnitudes, and others d, e,f 
equal to them in number, which taken two and 
two have the same ratio ; viz. a i b :: d : e, and 
b : c :: e : f: then by equality a : c :: d : f, or 

- = jr. For because r = -, and - = 7; multiply these 

two equations together, and it will be ^ x 7 = 7 ^ 7>* * 1 Ax. 5. 

ah de a d 

or — = -jr, or-= J. q.e. D. 

b e ef c f 
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PROPOSITION XXIIL 

Theorem. 

If there be three magnitudes^ and others equal to them 
tn number J which taken two and two have the same ratio^ 
and their proportion be perturbate^ they will (dso, by 
equality 9 be in the same ratioj ^^ the first shall have the 
same ratio to the last of the first magnitudes^ as the first of 
the others has to the last J'* 

Let Af By c, be three magnitudes, and others d, e, f, 
equal to them in number, which taken two and two 
have the same ratio, and let their proportion be per- 
turbate, viz. as a is to b so is e to f ; also as b is to c 
so is D to E ; then as a is to c so is d to f. 

For take o, h, k, equimultiples of a, b, d, also t, 
u, V, any other equimultiples 
of c, E, F. And because g, h, 
are equimultiples of a, b, sdso 
that magnitudes have the same 
ratio which their equimultiples 
have ; * therefore as a is to b so 
is G to H. By the same reason 
sistoFasMistON; but it is 
as A is to B so is £ to F ; there- 
fore also as G is to H so is M to N.^ And because it is 
as B is to c so is D to e, and alternately, as b is to d 
so is c to E. Also, because h, k, are equimultiples of 
B, D ; and magnitudes have the same ratio whicn their 
equimultiples have ; therefore as b is to n so is h to k ; 
but as B IS to D so is c to E ; whence also, as h is to 
K so is c to E. A^n, because l, m, are equimultiples 
of c, E ; therefore it is as c is to £ so is l to m. But 
as c is to E so is H to K ; whence, also, as h is to k 
so is L to M, and, alternately, as h is to l so is k to m.^ 
But it has been shown as g is to h so is m to n ; and 
because there are three magnitudes g, h, l, and others, 
K, M, N, equal to them in number, taken two and two, 
have the same ratio, and their proportion is perturbate, 
therefore, by equality,^ if g exceeds l, k also exceeds 
N ; if equal, equal ; and if less, less. And g, k, are 
equimultiples of a, d, also l, n, of c, f ; therefore it 
• 5 Det 5. is as A is to c so is D to F.^ If, therefore, there be 

three magnitudes, 8cc. q. e. d. 

i ■ ■ 'I ■ ■ ■ I 

* Euclid has demonstrated this proposition with proposing three magni- 
tudes onlj i but tfab, as also the two toliowing» will hold good with any 
number <n maguitudes whatever. 



Pbop. 24.] EUCLID'S ELEMENTS. 



143 



The same by Algebra. 

Let Oj bf Cf be three magnitudes, and d, e^ f^ as 
many others, which taken two and two have the same 
ratio ; viz. a : b :: e : f, and b : c :: d : e ; then a : c 

: : d : /, or - = -x. For because r = 7* and - = -; mul- 

tiply these two equations together^ and it will be 



a «^ a ao ea a a 

r-X - = 7r*X-0rr-=7-0r-=S7. 
b e f $ be f$ c f 



Q. £• D. 



• lAx.5. 



PROPOSITION XXIV. 

Theorem. 

If the first magnitude have the same ratio to the second 
which the third has to the fourth ; amd the fifths the same 
ratio to the second^ which the sixth has to the fourth; 
then the first and fifth taken together shall have the 
same ratio to the second which the third and sixth together 
have to the fourth. 

For let the first magnitude, ab, have the same ratio to 
the second, c, which the third, de, has to the fourth, f ; 
and let the fifth, bo, have the saniiHr&tio to the second, 
c, which the sixth, eh, has to thelburth, f ; then shall 
AG, the first and fiftli taken together, have the same 
ratio to the second, c, which dh, the third and sixth 
together, have to the fourth, f. 

For because it is as bo to so is eh to ^ 

f ; by inversion, therefore, as c is to bg so 
is F to eh. And because it is as ab to c 
so is DE to F, but as c to bg so is f to 
eh ; therefore, by equality, it is as ab to 
bg so is DE to eh.*^ And because mamii* I • fs. 5. 

tudes divided are proportional, they shall 
also be proportional when compounded ; 
therefore as ag is tt) bg so is dh to he. 
fiut it is as BG to c so is eh to f; therefore, by equa- 
lity, it is as AG to c so is DH to f.* If, therefore, the * is. 5. 
first magnitude, 8cct q. e. d. 

The same by Algebra. 

Let a the first magnitude have the same ratio to b 
the second, as c the third has to d the fourth ; and let 
e the fifth have the same ratio to b the second, as /the 
sixth to d the fourth; or a : b :: c : d, and e : b 

::/ : d; 



AC D F 



I f ^j a + e e + f 

then a + e : b :: c -{-jia, or — j— = — ^, 
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For, because r = ^ ai^d ^ = "^ ; add the two equations 
• « Ax. 1. together aiid it will be j- + ^ = 5^ + "j** or 

Q. £. D. 



a + e 
c + f 



PROPOSITION XXV. 

Theorem. 

If four magnitudes be proportional^ the greatest and 
least together are greater than the remaining two 
together. 

Let the four ma^itudes ab, cd, e^ f, be propor- 
tional; viz. as AB IS to CD so is £ to f; let ab be the 
greatest, and consequently, f the least, then ab and 
F together are greater than cd and £ together. 

For make a 6 equal to e, also ch equal to f. There- 
fore because it is as ab is to cd so is e to 
F, but AG is equal to £ and ch to f ; there- 1 
fore it is as ab is to cd so is ag to ch. g x> 
And because it is as the whole magnitude Is 

ab is to the whole qo so is ag to ch, also 
•19.5. the remainder gb* shall be to the re- 
mainder HD as the whole ab is to the whole 
CD. But AB is greater than cd ; therefore a c k F 
GB is also greater than hd. And because ag is equal 
to £, also ch to F ; therefore ag and f together are 
equal to ch and e together. And because, if equals 
be added to unequals, the wholes are unequal ; if, 
therefore, gb, hd, being unequal, and cb being the 

S eater; to gb add ag, f; sJso to hd add ch, e, 
erefore ab and f together will be greater than gd, e. 
If, therefore, four magnitudes, &.c. q. e. d.* 

Deduction. 

If the three magnitudes be proportional the two ex- 
tremes shall be greater than double of the mean. 

* From this it is manifest if the first term of the proportion be a maxi- 
mum, the last will be a minimum. 
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BOOK VI. 



DEFINITIONS. 

1. Similar rectilineal figures are those which have 
their angles equal each to each, and the sides about the 
equal angles proportional. 

2. Reciprocal figures are such as have their sides 
about two of their angles proportional in such a manner 
that a side of the first figure is to a side of the other, 
as the remaining side of this other is to the remaining 
side of the first. 

3. A right line is said to be cut in extreme and mean 
ratio when the whole is to the greater segment as the 
greater segment is to the less. ■}„ 

4. The altitude of any figure j^the perpendicular 
drawn from the vertex to the base.^^^ 

PROPOSITION I. 

Theorem. 

TriangleSy and parallelograms^ which have the same 
altitude, are to one another as their bases. 

Let there be the triangles abc, acd, also the paral- 
lelograms EC, OF, which have the same altitude, viz. 
the perpendicular drawn from the point a to bd. Then 
as tne base bc is to the base cd, so is the triangle abc 
to the triangle acd, and the parallelogram eg to the 
parallelogram of. 

Produce bd both ways to ih|bpoints h, l, and take 
bg, gh, any number of timJ^RRj 
also DK, KL, any number of tiflB 
equal to the base cd; and ^HT^ 
AG, AH, ak. All. Therefore be- 
cause CB, BG, GH, are equal to 
one another, the Uiangles ahg, 
AGE, ABC, will be equal to one 
aiiiother.* Therefore the base hc 

PART I. L 



ual to the base bc ; 

A 




• M. 1 
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is the saqne multiple of the base bc^, a« the triangle 
AHc is of the triangle abc» For the same reason Uie 
base Lc is the same multiple of the base CD as the tri- 
angle ALC is of the triangle acd ; and if the base hc 
be equal to the base cl, the triangle ahc is equal to 
the triangle alg : if the base hc be greater than the 
base CL, the triangle ahc is also greater than the tri- 
angle ALC ; and if less, less. Therefore there are four 
magnitudes; viz. the bases bc, cd, and the two trian- 
gles ABC, ACD, such that if equimultiples of the base 
Bc and the triangle abc be taken, viz. tne base hc and 
the triangle ahc ; also of the base cd and the triangle 
ACD any other equimultiples, viz. the base cd and Uie 
triangle alc. And it has been shown that if the base 
hc be greater than the base cl, the triangle^ ahc will 
be greater than the triangle alc, if equals equal, and if 
less, less ; therefore as the base bc is to the base CD so 

k 5 Def. 5. is the triangle abc to the triangle acd.** 

And because the parallelogram ec is double of the 

« 41. 1. triangle abc ^ also the parallelogram fc is double of the 
triangle acd ; and magnitudes have the same ratio 

* 15. 5. which their equimultiples have ;** therefore as the tri- 

angle abc is to the triangle acd so is die parallelograin 
EC to the parallelogram fc. Hence because it has 
been shown, that as the base bc is to the base cd so is 
the triangle abc to the triangle acd ; but as the tri- 
angle ABC is to the triangle acd so is the parallelogram 
BC to the parallelogram fc ; and, therefore, as the l>ase 
BC is to the base cd so is the parallelogram ec to the 

• 11.5. parallelogram fc.® Therefore, triangles, &c. q. e. d. 

Deductions. 

1. Triangles and parallelo^ms having equal bases, 
are to each other as their altitudes. 

2. If four right lines be proportional, their squaxes 
shall also be proportional. 
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PROPOSITION II. 
Thborem. 

If a right line be drown parallel to one of the sides of 
a triangle^ it shall cut the sides of the triangle fropor- 
tionally ; and if the sides qf a triangle be cut proportionally^ 
the right line Joining the points <f section shall be parallel 
t9 the remainmg doe of the triangle. 

For draw, db parallel to one of the sides of the tri- 
angle ABC^ viz. to BC ; then as bd is to da so ib cb 
tp £A. 

Join 3£^ CD. 

'iPhei;) th^ tpf^igle bde is equal to the triangle cde/ " ^'^- 1- 
for they are upon the same base de and between the 
fusume parnllel^ pb, bc. But ape is any other tri- 
WS^^ I ^o equal magnitudes have the same ratio to 
the same magnitude,*' therefore as the a. * r. 5. 

triangle bde is to the triangle adi: so 
is the triangle cpe to the triangle 
ade. But as the triangle bpe is to 
the triangle ade so is bd to da.*^ For ^ ^-^ « i. 6. 

they having the same altitude, viz. the perpendicular 
drawn from the point £ to ab are to one another as 
their bases. For the same reason as the triangle cdb 
is to the triangle ade so is ce to j^a ; and hence as 
bd is to DA so is CE to EA.** But also if the sides* ii-5. 
AB^ AC9 of the triangle abc be cut proportionally in 
the points d, e, as bd is to da sq is ce to ea, and 
join DE ; then is de parallel to bc. 

For the same construction being made, because it is 
as BD is to DA so is CE to EA ; but as bd is to da so is 
die triangle bde to the triangle ade,^ but as ce is to « 1. 6. 
SA so is the triangle cde to the triangle ade ; and 
therefore as the triangle bde is to the triangle ade so 
i^ the triangle cdb to the triangle a be. Hence each 
of the triangles bde, cde, has the same ratio to the 
triwgle ADE. Therefore the triangle bdb is equal to 
the triangle cde/ and they are upon the same base db. ^ 9. 5. 
But eqysu triangles constituted upon the same base are 
^0 between tne same parallels. t^ Therefore db i^'SP. 1. 
parallel to bc. If, therefore, triangles, 8^c. q. e. d."*^ 

* From this and the ISJfttoroposition of the fifth book, it may be de- 
monstrated that the sides oRhe triangles aed, acb, containing the angle 
CAB are proportional, vis. as ar is to ad so is ac to ab. 

L 2 
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PROPOSITION III. 

Theorem. 

If the angle of a triangle be bisected^ and the right line 
cuilins the angle cuts the base also ; the segments of the 
base shall have the same ratio which the remaining sides 
of the triangle have ; and if the segments of the base 
nave the same ratio which the remaining Ades of the 
triangle have^ tite right line drawn from the vertex to the 
point of section bisects the vertical angle of the triangle. 

Let ABC be a triangle and bisect the angle bag by 
the right line ad ; then as bd is to dc so is ba to ac« 

• 31. 1. For through c draw ce parallel^ to da and ba pro- 

duced will meet with it in e. 

And because the right line ac falls upon the parallel 
right lines ad^ ec^ therefore the angle ace is equal to 

^ t^ i* the angle cad.^ But cad is supposed equal to bad, 
therefore bad is also equal to ace. 
Again^ because the right line bae falls 
upon the parallels ad, ec, the exterior 
angle bad is equal to the interior angle 
A EC. But it has been shown that ace 
is equal to bad, and hence the angle 
ace is equal to aec ; wherefore^ also, 

« 6. 1. the side ae is equal to the side ac.^ And because ad is 
drawn parallel to one of the sides ec of the triangle bce, 
therefore, proportionally, as bd is to dc so is b a to 

* t. 6. AE.^ And AE is equal to ac ; therefore as bd is to dc 

• 7.5. go ig BA to AC.® 

But let bd be to DC as ba is to ac, and join ad; 
then is the angle bac bisected by tlfe right line ad. 

For the same construction being made, because as 
BD is to DC so is BA to AC, but also as bd is to dc so 
is BA to AE ; for ad is drawn parallel to one of the 
sides EC of the triangle bce; therefore, also, as b a is 
to AC so is BA to AE; hence ac is equal to ae; 
wherefore the angle aec is equal to the angle ace. 
But the angle aec is equal to the exterior angle bad, 
also the angle ace to the alternate angle cad, and 
therefore bad is equal to cad. Hel^e the dogle bac 
is bisected by the right line ad. if, therefore, the 
angle of a triangle, 8cc. q».e. d. 
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PROPOSITION IV. 

Theorem. 

The sides of the equiangular triangles about the equal 
angles are proportional^ and the homologous sides subtend 
the equal angles. 

Let ABC, DCE^ be equiangular triangles^ having the 
angle bag equal to cde, also acb to dec, and conse* 
quently ab<3 to dce;* then the sides of the triangles' ^••^« 
ABC, DC£, about the equal angles, are proportional, 
and the homologous sides subtend the equal angles. 

For put Bc in a direct line with 
ce, and because the angles abc, 

ACB, are less than two right angles,** ' ^N^ ^ 17. i. 

but ACB is equal to dec, therefore 
ABC, DEC, are less than two right 
angles; hence ba, ed, produced, 
will meet.^ Let them be produced, ^ « i j Ax. i. 

and let them meet in f. 

And because the angle dce is equal to abc, there- 
fore BF is parallel to cd.** Again, because the angle* *8. i. 
ACB is equal to dec, a c is parallel to fe ; hence facd 
is a parallelogram ; therefore fa is equal to dc, also 
AC to FD.^ And because ac is drawn parallel to one of* 34. i. 
the sides, fe, of the tiflikle fbe, therefore, as ba is 
to af so is bc to CE.'fl|^RF is equal to cd ; hence ' 2. 6. 
as B A is to CD so is b^BH and alternately, as ab is 
to BC so is DC to CE. ^^uu, becausc cd is parallel 
to BF, therefore as bc is to ce so is fd to de. But 
FD is equal to ac ; hence as bc is to ce so is ac to 
ED, and alternately, as bc is to c a so is ce to ed. 
And because it has been shown as a b is to bc so is dc 
to CE ; also as bc is to c a so is ce to ed ; therefore, 
by eciuality, as ba is to ac so is cd to de. Therefore 
the sides of equiangular triangles about, 8ic. q. e. d.* 

Deductions. 

1. In isosceles triangles, which are equiangular, the 
perpendiculars drawn ^om the vertices to the bases are 
proportional to the sides of the triangle. 



* Hence if in a trianete pbb, there be drawn ac, parallel to the side 
FE, the triangle abc shall be similar to the whole fbi. 
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2. In equiangular trianj^les the radii of their inscribed 
circles have the same ratio as the sides of the triangle. 

3. If a circle be touched in the same point, both ex- 
ternally and internally, by two other circles, and 
througn the point of contact two right lines be dra^iniy 
the parts of them intercepted between the circumfetetite 
of the given circle, and that of the circle which tdOChea 
it internally, shall have to one another the same ratio 
as thejparts which are the chords of the other circle. 

4. Tne right lines, drawn from the bisections of tbt 
three sides of a triangle to the opposite angles, meet in 
the same point 

PROPOSITION V. 

Thsobem. 

If two triangles have their sides proportional^ the tri- 
angles shall be equiangular, and shall have those angles 
equal which subtend the homologous sides. 

Let ABC, DEF, be two triangles, having their sides 
proportional, viz. as a b is to bc so is db to bf, also, 
as BC is to CA so is ep to fd, and likewise as ba is to 
AC so is ED to DF ; then the triangle abc is equian* 
guUf 1^ the triangle def, andh ave those angles equal 
whicfe'jifubtend the homologJH||4es, viz. abc to def, 
bcayWefd, and bac to 

For to the right line efj 
the points b, f, in it, ma1 

• ss. 1. angle feo equal to the angle abc,* 
also BCA to EFG, heuce the re- 
maining angle at a is equal to the 

^ 3J. 1. remaining angle at g.** Therefore 
the triangle abc is equiangular to 
EGF, and, consequenuy, the sides 

« 4. 6. of the triangles abc, egf, are proportional,^ and the 
homologous sides subtend the equal angles ; therefore, 

' 11.5. as ab is to BC so is ge^ to ef. But as ab is to 
BC so is DE to KF ; and, therefore, as de is to bf so is 
OE to SF ; hence each of the sides de, oe, have €b!b 
same ratio to ef; therefore de is equal to oe. Fot* 
the same reason df is equal to. gf. And because de 
is equal to eg, and ef is common, the two, de, ef, are 
equal to the two, o^, ef, and the base fd is equal to 
the base fg; therefore the angle def is equal to the 
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ttagle QEVf and the rmnaining anries equal to the rs- 
mtuning angles, each to each^ whicn i^btend the eqaal 
sides ; therefore the angle dfb is equal to ofb ; also 
bUf to £GF. And because the angle fisd is equal to 
the angle feg, but feo is equal to Abc> and> thete* 
fore, the angle abc is equal to the angle def. For 
the same reason aob is equal to dfb^ and, likewise, 
A to D ; hence the triangle acb is equiangular to the 
triangle def. If, thererove^ M6 triangles have their 
4ides, 8cc. q. e. d. 



PROPOSITION VI. 
Theorem. 

If ituo triangles have one ansh of the mi equal h &ne 
angle of the other^ and tht sides about the equal angles 
proportional^ the triangles shall be equiangular^ and hav^ 
those angles equal which subtend ihe honmogous sides* ' 

Let ABC, DBF, be two triangles, having one angle 
BAG equal to one an^le edf, and the sides about the 
equal angles proportional, as ba 
is to AC so is ED to df; then the 
triangle abc is equianffular to 
the triangle def, and the angle 
abc to DEF{ also acb' to dfe. 

For to the right line Dll'y^and at 
the points df in it, make the 
angle fdg equal to each of them bag, edf ; also dfo 
to acb.* •23.1. 

Therefore the remaining angle at b is equal to the 
remaining angle at g ;^ therefore the triangle abc is^32.i. 
equiangular to the triangle dgf ; hence, proportionally, 
as BA to AC so is GD to DF.^ But it is put, as ba to c 4. 5. 
AC so is ED to DF, and, consequently, as ed is to df 
so is GD to.DF ;^ hence ed is equal to dg^ and df com- <> 11. 5. 
mon : the two sides ed, df, are equal to the two gd^ * ^- ^* 
DF, and the angle edf is equal to gdf ; hence the base 
EF is equal to the base fg, and the triangle def is 
equal to the triangle dgf : also the remaimng angles 
to the remaining angles, those which subtend the e^ual 
sides ; therefore the angle dfg is equal to the angle 
dfe; also dgf to def. But dgf is equal to acb. 




# 
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and ACB, therefore, is equal to dfe. But bag is 
equal to ebf, and hence the remaining angle at b is 
equal to the remaining angle at e ; therefore the tri» 
angle abc is equiangular to the triangle def. If, 
therefore, two triangles^ 8cc. Q. e. d.* 

PROPOSITION VII. 

Theorem. 

If two triangles have one angle of the one equal to one 
angle of the other^ and the sides about two other angles 
proportional^ then if each of the remaining angles be either 
less or not less than a right an^le, the triangles shall be 
equiangular y and shall have those angles equal about 
which the sides are proportional. 

Let ABC, DEF, be two triangles, having one angle 
equal to one angle, viz. bag to edf, and about two 
otner angles, abc, def, the sides proportional, yiz. as 
AB to Bc so is DE to EF ; and first let each of the re- 
maining angles at c, f, be less than a right angle, then 
the triangle abc is equiangular to the triangle def, 
and the angle abc equal to def ; also the angle at c 

# equal to the remaining angle at f. 
For if the angle abc be unequal to def, one of them 
is the greater; let abc be the greater, and to the right 
line AB, and at the point in it b ; 

• ss. 11. make abg equal to the angle def.* ^ ^^ 

And because the angle a is equal y7 A 

to D, also the angle abg to def, /J /\ 
hence the remaining angle agb is ^ ^C^^ ^ / I 

fcSt. 1. equal to the remaining angle dfe; ^ B c B F 

therefore the triangle abg is equi- 

t 4. 6. angular to the triangle def, therefore as ab*^ is to bg 
so is DE to EF. But it is as de to ef so is ab to 

' 11; 5. BC; hence also as ab is to bc so is ab to bg,^ there- 
fore AB has the same ratio to each of them bc, bg, 

• 9. 5. consequently bc is equal to bg,* wherefore also the 

angle at c is equal to the angle bgc. But c is put 
less than a right angle, therefore bgc is less than a 



"^ From this tnd the preceding propositioD it evidently appears tliat Am 
equality of angles in triangles is a consequence of the proportionality among 
thf sides, so tliat one of these conditions being kno^^n is snflficient to deter- 
jnine whether the triangles arc similar or not. 
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right an^le^ hence the adjacent angle agb is greater 
than a right angle. And it has been shown to be equal 
to F^ therefore f is greater than a right angle, but it is 
put less than a right angle, which is absurd ; therefore 
the angle abc is not unequal to oef, and consequently 
it is eaual. But the angle a is equal to d, and 
hence the remaining angle c is equal to the remaining 
angle f, therefore Uie triangle abc is equiangular to 
the triangle def. 

But again, let each of them c, f, be not less than a 
right angle ; then again the triangle abc is equiangular 

to DBF. 

For the same construction being made, in like man- 
ner we demonstrate bc to be equal to bg> wherefore 
also the angle c is. equal to bgc. But the angle at c 
is not less than a right angle, neither then is bgc less 
than a right angle, which is impossible ; therefore 
again the angle abc is not unequal to the angle def, 
that is, it is equal. But the angle at a is equal to the 
angle at n, therefore the remaining angle at c is equal 
to the remaining angle at f ; hence the triangle abc is 
equiangular to the triangle def. If, therefore, two 
tnangles, 8cc. q. £. d. 

PROPOSITION VIII. 

Theorem. 

If in a right angled triangle a perpendicular be drawn 
from the right angle to the base^ the triangles made by 
the perpendicular are similar to the whole and to one 
another. 

Let ABC be a right angled triangle, having the right 
angle bac^ and from a draw ad ][)erpendicular to bc; 
then each of them abd, adc, is similar to the whole 
and to one another. 

For because the angle bac is equal to abd, for each if 

of them is a right one^ and the angle at b is common 
to the two triangles abc and abd ; henc^the remain- 
ing angle acb is equal to the remainin^angle bad,*' ^' ^• 
and the triangle abc is equiangular to the triangle 
ABD. Therefore as bc subtending the right angle of 
the triangle abc is to ba, subtending the nght angle of 
the triangle abd, so is ab subtencung the angle at c 
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of the triangle abc to bd, subtendine the an^e e^tml 
to that at C| ria* bad of tfae triangle 
ABD ; atid also AC is to a D subtending 
tfae angle at b, which is common to tlie 
two triangles^ therefore, also the triangle 
ABC is equiangular to the triangle abd, 
and has the sides about the equal angles propon- 
^ 4. tf. tional^^ therefore the triangle abc is similar to the tri* 
angle abd. In like manner we show that the triangle 
ABO is fiiinilar to the triangle ado, therefore each of 
the triangles abd^ abc> is similar to the whole triangle 

ABC. 

Again, abd, adc, are similar to one another* 
For because the right anffle bda is equal to the right 
angle adc, bat also bad has been shown to be equed 
to that at c, and therefore the remaining angle at b is 
equal to the remaining angle dac ; hence the triangle 
ABD is equiangulafito the triangle adc. Hence it is 
as BD of the triangle abd subtending the angle bad, 
is to DA subtending the an^le at c of the triangle adc, 
^ so is the same ad of the triangle abd, subtending the 

angle at b to ac subtending the angle dac of the tri- 
angle ADC, equal to that at b, and also ba subtending 
the right angle adb, to ac subtending the right angle 
ADC ; therefore the triangle abd is similar to ^e 
triangle adc. If, therefore, in right angled triangles. 

Sec. Q. £. D. 

Corollary. 

Fi'om this it is evident, if in a right atigled trianffU 
a perpendicular be drawn irom the right angle at me 
base, it is a mean proportional between the segments 
of the base ; and also that each of the sides is a mean 
proportional between the base and its segment adjacent 
to that side. 

Deiluction, 

To divide a jgiven finite right line into two parts, 
such that another given right line, not greater than 
half of the J^mer, shall be a mean proportional be- 
tween them. 9' 
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PROPOSITION IX. 

Pft6BL£M. 

From a given right line to cut off any part required. 

Let AB be a given right line ; it is required to cut 
from AB any part required.* 

Let a third part be required, and from it draw any 
right line ac, containingiany angle with ab^ and take 
any point d in ac and make de, ec, equal to ad> join 
Bc, and through d draw bf parallel to bc. 

And because fd is drawn parallel to one 
of the sides bc of the triangle abg ; there- 
fore, proportionally as cd is to da so is bf 
to fa.* But CD is double of da ; therefore / \k •4.6, 
also bf is double of fa ; hence ba is triple 

of AF. ^ 

Therefore, from the given cudtt line a b 
the third part required has^^M cut off, viz. af. 

Q* E. F. ^^^^ 

PROPOSITION X. 

Problem. 

To divide a given right line into parts similarly to a 
given divided nght line. 

Let AB be the given divided right line, also ac cut 
in the points d, e, and place them so that they may 
contain any angle, and join cb, and through d, e, 
draw DF, EG, parallel to bc,* and through d draw dhk • SJ. i. 
parallel to ab. 

Therefore each of the figures fh, hb, is 
a parallelogram ; hence dh is equal to fg, 
also HK to gb. And because he is drawn 
parallel to one of the sides kc of the trian- 
gle dkc ; proportionally as ce is to ed so 
is KH to HD ; but KH IS equal to bg ; also 
hd to GF ; therefore as ce is to ed so is bg to gf. 
A^ain, because fd is drawn parallel to one of the 
sides EG of the triangle age ; hence proportionally it 
is as ED to DA so is gf to FA. But It has been de- 

- - ' 

* Precisely in the i>Ame manner may any part whatever be cut ufT, since 
AF in all cases is the same [lart of ab which ad is of ac. 




liet AB^ AC, De tne jgi 

♦ place them so that jjtM 
It is required to find^jpii 
For produce ab, ac, 
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monstrated as ce is to eb so is bg to gf ; therefore as 

C£ is to ED so is BG tO GF^ alsO aS EB to DA SO is GF 

to FA. Therefore a given right line, &c. q. e. d. 

Deductiom. 

1. To describe a square which shall have a given 
ratio to a ^ven rectilineal figure. 

2. To divide a right line into three parts which shall 
be in harmonical progression. 

3. The base^ the vertical an^le^ and the ratio of the 
two sides of a triangle being given to construct it 

PROPOSITION XI. 

Problem. 

Two right lines beins given^ to find a third proportional. 

Let AB^ AC, be the igiven right lines^ and 

contain any angle ; 
_^ lird proportional. 
For produce ab, ac, to the points d, e, 
and place be equal to ac, also join bc, and 

• 31. 1. through D draw de parallel to it.' 

Therefore bc is drawn parallel to one of the sides 
DE of the triangle ade, proportionally it is as ab to 

* «. 6. tj 3£ gQ jg ^^ iQ ^^^ Byl; Bj. jg 6011811 to AC, thercforc 

it is as AB to AC so is AC to be. Therefore two lines 
AB, AC, being given, a third proportional be has been 
found. Q. e. f. 

Deduction. 

To determine the locus of the vertices of all the 
triangles, which can be described on a given base, so 
that each of them shall have its two sides in a given 
ratio. 

PROPOSITION XII. 

Problem. 

Three given right lines being given to find a fourth prO' 
portionalto them. 

Let A, B, c, be three ^iven right lines ; it is required 
to find a fourth proportional to them. 

Place the two right lines de, df, containing any 
angle edf, and make dg equal to a, also ge equal 
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to By and DH equal to tb; oh being 
joined, draw through e, ef parallel 



to It.* 



• SI. 1. 



And because oh is drawn parallel to a4—^ 

one of the» sides ef of the triangle ^ wabc 

DBF, therefore as dg is to ge so is dh 
to HF.** But DG is equal to a, also ge to b, and dh * ««fi« 
to c ; therefore as a is to b so is c to hp. Therefore 
three right lines being given a, b, c^ a fourth propor- 
tional hf has been found, q^ e. f. 

Dedtictums. 

1 . Divide a given right line into two parts^ so that 
the rectangle contained by them may be equal to a 
given rectangle. 

2. From a given point to draw a right line to cut a 
given circle^ so that the distances of the two inter- 
sections from the given point, shall be to each other 
in a given ratio. 

PROPOSITION XIIL* 
Problem. 

Two right lines being given tojind a mean proportional. 

Let AB, bc, be two given right lines ; it is required 
to find a mean proportional to ab, bc. 

Put them in a right line, and upon ac describe the 
semi-circle adc, and draw from the point, b, bd at 
right angles to the right line ac,* and join ad, do. « ii. i. 

And because the angle adc in a ^ 

semi-circle is a right angle .^ And /^^^~y^^ 
because in the right angled triangle fy^ ^ 

ADC, the perpendicular db is drawn ^-~ 1— ^ 

from the right angle to the base; db is 
a mean proportional between the segments of the base. 
Therefore the two right lines ab, bc, being given, a 
mean proportional bd has been found. Q. e. f. 

* Thu is in effect ^e lame as the last proposition of tbe second book. 
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PROPOSITION XIV. 

Theorem. 

If equal paraUelogranu have one angle of the one ^ifual 
to one angle of the other ^ the sides about the equal angles 
are reeiprocalty proportional ; and if parallelogram.^ Etj^ve 
oae angle of the one equal to one angle (yf the other 9 oni 
tb^ sides about the equal angks redprqcaUy proportional; 
these parallelograms shall be equal to one another. 

Let AB, Bc, be eaual parallelograms hayin? the angles 
at B equal, and place db^ be, in a direct Tine, there- 

• 14- !• fore FB, BG, are in a direct line ;• then the sides about the 

equal angles of the parallelograms ab, bc, ilcq recipro- 
duly proportional, tb^t 19, as pb to be so in qu to HF. 
For complete the parallelogram fe. 
Aod because the osMr^elogram ab is 
^ual to the pafallelogram bc, and fe 
i9 some other parallelogram ; therefore 
» r. 5. as AB to FE so is bc to fe.^ But as 

ab to FE so is DB tO BE, alsO aS BC 

to FE SO is GB to BF ; and therefore as i>b to be so is 
•U.S. GB to BF.^ Therefore the sides of the parallelograms 
AB, BC, are reciprocally proportional. 

But also let the sides about the equal angles be re- 
ciprocally proportion^, viz. a« DB to 91S ^inG^to 
BF ; then tne parallelogram ab is equal to the parallel- 
ogram BC. 

For because it is as db to be so is gb to bf, but &s 
i>B to be so is the parallelogram ab to the parallel- 
ogram FE, also as GB to BF so is the parallelogram Bc 
to the parallelogram fe ; hence also as a b to fie so is 
BC to FE, therefore the parallelogram ab is ec^ual to 

* 9.5. the parallelogram bc.** TTierefore if equal parallel- 

ograms. Sec. Q. b. d. 

PROPOSITION XV. 
Theqbbm. 

If equal triangles have one angle (f the me equal io 
one angle of the other, the sides about the equeU angles 
are reciprocally proportional ; and jf triangles heme one 
angle of the one equal to one angle of the other, and the 
sides about the equal angles reciprocally proportional, these 
triangles are equal. 

Let ABC, ADE, be equal triangles having one angle. 
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BAG equal to an angle dab ; then the sides of the tri- 
angles ABC, ADE> are reoiprocaUy proportional, that 
is, as CA to AD so is ea to ab. For place ac in a 
direct line with ad, therefore ea is in a airect line with 
AB.* And join bd. • ^^ *• 

And because the triangle abc is equal to the triangle 
ADE, but ABD is another triangle; therefore as the 
triangle cab is to the triangle bad so is the triangle 
ADE to the triangle bad.** But as cab * ^-^^ 

to BAD so is CA to AD,*^ alsO aS EAD is to ®,— . ^ * ^- ^• 

bad so is EA to AB ; therefore the sides 
of the triangles abc, ade, are reciprocally 
proportionaL 

Next let the sides of the triangles abc, 
ADE, be reciprocally proportion^, viz. as 
CA to AD so is EA to AB ; then the triangle abc is 
equal to the triangle ade. 

For BD being joined, because it is as ca to ad so is 
EA to AB, but as CA to AD SO is the triangle bac to the 
triangle bad, also as ea to Ajf4S^ is the triangle ead 
to the triangle bad ; therefore as the triangle abc to 
BAD so is die triangle ead to bad ; hence each of 
them ABC, ADE, has the same ratio to bad ; therefore 
the triangle abc is equal to the triangle ead. There- 
fore if equal triangles, 8cc. q. e. d. ' 

PROPOSITION XVI.* 

Theobem. 

If four right lines be proportional^ the rectangle con- 
tamed under the extremes ts equal to the rectangle contained 
under the means ; and if the rectangle contained under the 
extremes be equal to the rectangle contained under the 
means, the four right lines tuill be proportional. 

Let AB, CD, £, F,be four proportional right lines, viz. 
as A b to CD so is £ to f ; then the rectangle contained 
under ab, f is equal to the rectangle contained under 

CD, E. 

For draw ag, ch, at right angles to the lines ab, cd," " n. t 
from the points a, c, and make ag equal to f, also 
cH equal to £, and complete the parallelograms bg, dh. 

A C 

♦ Algebraically if a : b :: c : d, then ad = bc. For since — = — ; 
AD k: BC by ihultiplying by bd. 
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And because it is as ab to cd so is e to f, and e is 
equal to gh, also f to ag ; therefore it is as as to cd 
^ r. 5. so is CH to ag,^ therefore the sides ^ 

about the equal angles of the pa- 
rallelograms BG^ DH, are recipro- a 
cally proportional. But the sides 
about the equal aneles are reci- 
procally proportional of those pa- 
< ii» 6. rallelograms which are equal ;*^ therefore the pandlel- 
ogram bg is equal to the parallelogram dh^ and bg is the 
parallelognun contained under ab, r, for ag is eaual to 
V, also DH is the parallelogram under cd, e, tor ch 
is equal to e ; therefore the rectangle contained under 
AB, F, is equal to the rectangle contained under cd; e. 

But also let the rectangle contained under ab, f, be 
equal to the rectangle contained under cd, e ; then the 
four right lines shaU be proportional, as ab to cd so is 
E to F. 

For the same coiuM|ction being made, because the 
rectangle under abThHIc equal to that under cd, e ; 
and BG is the rectsme under ab, f, for ag is equal 
to f; also dh the rectangle under cd, e, since ch is 
equal to e, therefore bg is equal to dh, and they are 
equiangular. But the sides about the equal anglea of 
equiangular parallelograms are reciprocally proportional, 
therefore it is as ab to cd so is ch to ag. But ch is 
equal to b, also ag to f ; hence as ab to cd so is B to 
F. If therefore four right lines. Sec. q. e. d. 

Deductions. 

L Of four right lines which are in continual propor- 
tion, the two extremes being given and also a line equal 
to the ditference of the other two, to find those two 
lines. r , 

2. To construct a triangle^such that the two lines 
including the verticle angle shall be in a given ratio, 
and the perpendicular uom the vertex to the base 
equal to a given right line. 

i. 
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PROPOSITION XVIL* 

Theorem. 

If three right lines be proportional^ the rectangle con^ 
tamed under the extremes is equal to the square of the 
mean ; and if the rectangle contained under the extremes 
be equal to the square of the meanj the three right lines 
will be proportional. 

Let the three ri^ht lines^ a, b, c, be proportional ; 
the rectangle contained under the extremes is equal to 
the square of the mean. 

Make d equal to b. 

And because it is as a is to b so is b to c, and b is 
equal to d ; therefore as a is to b so is d to c.^ But if • 7. 5w 
four right lines be proportional, the rectangle contained 

under the extremes is equal to a 

the rectangle contained under the b 

means/ therefore the rectangle ^ ' i^» *- 

under a, c, is equal to that under 
b, d. But the rectangle under b, d, is the square of 
By for b is equal to d, hence the rectangle contained 
under a. c, is equal to the square of b. 

Next let the rectangle under a, c, be equal to the 
square of b ; then it is as a is to b, so is b to c. 

For the same construction being made, because the 
rectangle under a, c, is equal to the square of b, but 
the square of b is the rectangle under b, d, for b is 
equal to d ; therefore the rectangle under a, c, is equal 
to that under b, d. But if the rectangle under the ex- 
tremes be equal to the rectangle under the means, the 
four right lines are proportional ; therefore as a is to b, 
so is D to c. But B is equal to d ; hence as a is to b 
so is B to c. If therefore three right lines, &c. q. e. d. 

* This may also be shown algebraically, for if a : b:: b: d, then ai» 

A B 

w B*. Since — a- — ; by multiplying by bd we hare ad » B*. q. b. d* 
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PROPOSITION XVIII. 

Problem. 

Upon a given right Rne, to describe a figure similar and 
similarly situated to a given right figure* 

Let AB be a given rigrht line and ce a given reotft- 
Kneal figure ; it is required to describe tipon the right 
line AB a rectilineal figure similar and aimilarty ntuttted 
to the rectilineal figure ce. 

• t9. 1. Join DV, and upon ab make* the angle gab equal to 

that ate, also the angle abo equal to that at cof; 
hence the remaining yigle agb is 

^ 5t. 1 . ^qu^ to ^6 remaining angle c f d,^ M 

therefore the triangle fcd is equi- ^?^^^ 
angular to the triangle gab, pro* IN. / 
portionally as fd to gb so is fc to I — -^ 
GA and CD to ab. Again on the -^ ^ 
right line bg make at the points b, g, the angle bgu 
equal to the angle dfb, also gbh equal to rnB^ hence 
the remaining angle at e is equal to the remaining 
angle at h. Therefore the triangle fds is equiangular 
t0 the triangle gbh; proportionally as of to gb so is 
F£ to GH and bd to hb. But it has been shown also 
as FD to GB so is PC to GA and cd to ab ; and there- 
fore as FC to AO so is CD to AB and fe to gh^, and 
consequently SD to hb. And because the angle c^d 
is equal to agb, also dfb to bgh : therefore the whole 
ofe is equal to the whole agh. For the same reason 
the angle cde is equal to abh. But the angle at c is 
equal to that at a, also the angle at b is equal to that 
at H. Therefore the figure ah is similar to cb and has 
the sides about the equal togles proportional ; there^ 
fore the rectilineal figure ah is similar to the rectilineal 
figure ^B* Therefore upon the given right line ab, the 
rectilineal figure ah has been described similar and 
similarly situated to the given rectilineal figure ce. 
0* B. F. 

PROPOSITION XIX. 

Theoeem. 

Similor triangles are to one another in Ihe duplicate ratio 
of their homologous sides. 

Let ABC, def, be similar triangles having the angle 
at B equal to that at e^ and as ab to bc so is dk to 
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EF, and let bc bethe side homologous to ef ; then the 
triangle abc has a duplicate ratio to the triangle def, 
which.Bc has to ef. 

• For take* bg a third proportional to bc, ef, so that • ^^' ^• 
BC may be to ef as e^ to bo, and join ga. 

And because it is as a b to Be so is be to tar ; there* 
fore alternately it is as ab to de so is bc to ef> But * i^- 5. 
aa BC to BF so is BF to bo ; henpe also as ab to de so 
is ef to bg,* therefore the sides a, < ii. 5. 

aboBt the equal angles of the 
triftBsleB ABG, DEP, are reci- 

proflcdly proportional. But if 

these triaugleft Imving one angle i? a c b r 
of the one eqmd to one angle of the other, and the side^ 
about the equal angles reciprocally proportional they are 
equal to one another; therefore the triangle abg is 
equal to the triangle nsF. And because it is as bc to 
EF ao is EF to BG. But if three riffht lines be propor- 
tional, the first is said to have to the third a duplicate 
ratio of that which it has to the second ; therefore bc 
hits to BG a duplicate ratio of that which bc has to bp. 
But as BO is to bg, so is the triangle abc to the tri^ 
angle abo; and hence the trianffle abc has to abg a 
dnplicateratioof that which BC has to ef. But the 
triangle abg is equal to the triangle def, and therefore 
the triangle abc has to the triangle def a duplicate 
ratio of wat which bg has to ef. Therefore similar 
triangles, 8cc. q. s. d. 

CoaOLLABY. 

From this it is manifest, that if three right lines be 
proportional ; as the first is to the third so is the tri- 
angle upon the first to the triangle similar and similarly 
described upon the second; because it has been shown, 
as CB to BG so is the triangle abc to the triangle abg, 
that is to DEF. 

Deduction, 

To cut oS from a given triangle any part required, 
by a right line drawn parallel to a given right line. 
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PROPOSITION XX. 

Theorem. 

Similar polygons may be divided into similar triangles^ 
et/ual in nunS^, and homologous to the whole^ ancL the 
polygons have to one another a duplicate ratio of thai 
which their homologous sides have. 

Let ABCDEy FGHKL, be similar polygons, also let ab 
be homologous to fg; then the polygons abcde, 
FGHKLy may be divided into similar triangles, equal in 
number and homologous to the wholes ; also the poly- 
gon ABCDE has to the polygon fghkl a duplicate 
ratio of that which A B has to fg. And because the 
polygon ABCDE is similar to the polygon fghkl, the 
an^le bae is similar to gfl; and 

* 1. 6. it 18 as BA to A£ SO is FG tO FL.^ 

And because there are two tri- 
angles ABE, FGL, having one an- 
gle equal to one ansle, and the 
sides about the equal angles pro- 
portional, therefore the triangle abe is equiangular to 
^ 6. 6. the triangle fgl,^ wherefore also it is similar;^ hence 

• 4. 6. the angle abe is equal to fgl. But also the whole 

ABC is equal to the whole fgh, because they are similar 
polygons, therefore the remaining angle ebc is e(|ual to 
the remaining angle lgh. And oecause the triangles 
ABE, FGL, are similar, it is as eb to ba so is lg to gf; 
but because the polygons are similar, it is as a b to bc 
so is FG to GH ; therefore, by equality, it is as eb to bc 

* ff. 5. SO is lg to GH,** and the sides about the equal angles 

EBC, LGH, are proportional, therefore the triangle ebc 
is equiangular to tne triangle lgh ;** wherefore also die 
triangle ebc is similar to the triangle lgh. For the 
same reason the triangle ecd is similar to the triangle 
LHK, therefore the similar polygons abcde, fghkl, 
contain an equal number of similar triangles. 

They are also homologous to the whole, that is, the 
triangles are proportionsus, the antecedents being abc, 
EBC, ECD, ana the consequents fgl, lgh, lhk, 
and the polygon abode has a duplicate ratio to the 
polygon fghkl which their homologous sides have, 
that IS, ab to FG. 

For join ac, fh. 

And because the polygons are similar, the angle abc 
is equal to the angle fgh, and it is as ab to bc so is 
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FG to OH ; the triangle abc is equiangular to the tri- 
angle GFH ; hence the angle bac is equal to gfh, also 
BCA to FHG. And because the angle bam is equal to 
6FN, but it has been shown that abm is equal to fgn ; 
and therefore the remaining angle amb is equal to the 
remaining angle fng ; whence the triangle abm is 
equiangmar to the triangle fgn. In like manner we 
demonstrate that the triangle bmc is equiangular to the 
triangle gnh ; therefore proportionally as am to mb so 
is FN to NG^also as bm to mc so is gn to nh ; where- 
fore, also, by equality, as am to mc so is the triangle 
abm to mbc, and ame to emc, for they are to one 
another as their bases, and therefore as one of the ante- 
cedents is to one of the consequents, so are all the 
antecedents to all the consequents.^ Therefore as the * ^^- ^' 
triangle amb is to bmc so is abe to cbe. But as amb 
to BMC so is AM to MC ; and therefore as am to mc so 
is the triangle abe to the triangle ebc. For the same 
reason also as fn to nh so is the triangle fgl to the 
triangle glh. And it is as am to mc so is fn to nh ; 
and uierefore as the triangle abe is to the triangle bec 
so is the triangle fgl to the triangle ghl, and alter- 
nateljr as the tnangle abe is to the triangle fgl so is 
the triangle bbc to the triangle gfh. in like manner 
we show, that bd, gk being joined, as the triangle bec 
to the triangle glh so is the triangle ecd to the tri- 
angle lhk. And because it is as the triangle abe to 
fgl so is EBC to fgh, also ecd to LHK ; and alter- 
nately as one of the antecedents is to one of the con- 
sequents so are all the antecedents to all the conse- 
quentSy therefore as the triangle abe is to the triangle 
FGL so is the polygon abcde to the polygon fghkl. 
fiut the triangle abe has to the triangle fgl a dupli- 
cate ratio of that which their homologous sides have, 
viz. AB to FG. For similar triangles are in a duplicate 
ratio of their homologous sides ; and therefore the 
polygon ABCDE has to the polygon fghkl a duplicate 
ratio of that which the homologous side ab has to the 
homologous side fg. Therefore similar polygons, &.c. 

Q. E. D. 

Corollaries. 

1. In like manner it may be demonstrated, that 
similar four-sided figures are to one another in the 
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duplicate ratio of their homologoos eidee ; and it has 
been already proved in triangles. Wherefore univer- 
sally similar rectilineal figures are to one another in the 
duplicate ratio of their homologous sides, q. b. p. 

2. And if to A By FG, we take a third proportional x ; 
AB has to X a duplicate ratio of that whicn ab has to 
F6. But one four-sided figure or polygon has to 
another fourniided figure or polygon, a duplicate ratio 
of that which their homologous sides have, that is ab 
to FO, which was also proved in triangles. Therefore 
univeraally it is manifest, if three right lines be pro- 
portional, as the first is to the third, so is any rectilineal 
figure upon the first to the similar and similarly de* 
scribed rectilineal figure upon the second. 

Deduction. 

Any regular polygon inscribed in a circle, is a mean 
proportional between the inscribed and circumscribed 
regular polygon of half the number of sides. 

PROPOSITION XXI. 

Theorem. 

Rectilineal Jigures that are similar to the same rectilineal 
figure^ are also similar to one another. 

For let each of the rectilineal figures a, b, be similar 
to c, then a, b, are similar to one another. 

For because a is similar to c, they are equiangular^ 
> 1 De(. 6. and have the sides about the equal angles proportional/ 

Again, because b is 
similar to c, they are also 
equiangular, and have the a / > 

sides about the equal angles /c\ /^ 
proportional, therefore each 
of them A, b, is equiangular to c, and has the sides 
about the equal angles proportional, therefore a is 
similar to b. Therefore rectihneal figures, &c. Q. £. i>« 






• li. «. 
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PROPOSITION XXII. 

Thborem. 

If four right lines b^ prm>ortipnalf the similar recii* 
lineal JigureSf and similarly described upon them, shall 
edsei be mfortianalf and if the similar rectilineal fi^es^ 
similarly described upon jmr right lines, be prof»riumaf% 
the right lines themselves shall be proportional. 

I4^ the four right lines ab^ cd, ef, oh, be propor- 
tiontl, a8 AB to cd so is ef to gh, and upon ab^ cp, 
describe the similar and similarly placed rectilineid figures 
KAB, LCD; also upon ET, OH, the similar ^d simuarly 
placed rectilineal figures mf, nh ; then as kab is to 

LCD so is MF to NH. 

For take x a third pro- 
portional to AB, CD/ also 
o a third proportional to 
EF, OH. And because it 
is as AB to CD so is ef to 
OH, also as cd is to x so 
is OH to o,^ therefore by 
equality it is as a b to x so 
is EF to 0/ But as ab to x so is kab to lcp^ also as' '<• ^ 
¥iF to o so is MF to NH ; * aud therefore as kab to ^ «Cor.»o. 
LCD so is MF to NH. But also let it be as kab to lcd ^* 
so is MF to NH ; then also as ab to cd so is ef to oh. 

For make^ as ab to cd so is ef to pb, and kab, * h- 0- 
LCD, are described upon ab, cd, similar and similarly 
placed, also upon ef, pb, the figures mf, xb, similar 
and similarly situated ; therefore it is as kab to Lcp so 
is MF to XB. But, by constructiop, as kab to lcd so is 
MF to NH ; and therefore also as MF to xk so is mf to 
NH ; therefore mf has the same ratio to each of them 
NH, x^ ; therefore nh i^ equal to XR. But it is similar 
and similarly placed ; hence oh is equal to pb. And 
because it is a9 ab to cp so is ef to pBi but pb is 
equal to oh ; therefore it is a# ab to cd so is ef to 
OH* If therefore four right lin^s, ^. q. b. d. 

D^uction. 

If any two chords of a circle intersect each other, 
the right lines joining their extremities shall cut off 
equal segments from the chord which passes through 
the common intersection of the two former chords, and 
is there bisected. 
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PROPOSITION XXIIL 

Theorem. 

Equiar^ular paraUelograims are to one another in a 
ratio compounded of the ratios of their sides. 

Let AC, CF, be equiangular parallelograms having the 
angle bcd equal to ecg, then the paralleloeram ac is 
to the parallelogram cf in a ratio compounded of the 
ratios of their sides, of that which bc has to cg and of 
that which do has to ce. 

For place bc in a direct line ^ dm 

with CO ; therefore also dc is in / -n — i 

• 14. 1. a direct line with ce,* and eom- b' j — jo 

plete the parallelogram dg, let k ^ 

be a certain right line, and make J^ 
as Bc is to cG so is K to l, also ^ ' 

k if.6. as DC is to ce so is L to M.^ Therefore the ratios of k 
to L and of L to M are the same as the ratios of the 
sides both of BC to cg and of dc to ce. But the 
ratio of K to B| is composed of the ratio of k to l and 
of the ratio of i« to m ; wherefore k has to m the ratio 
compounded of their sides. And because it is as bc to 

• 1. 6. CG so is the parallelogram ac to ch.^ But as bc to cg 

so is K to l; and therefore as k to l so is ac to ch. 
Again, because it is as dc to ce so is the parallelogram 
CH to CF ; but as dc to ce so is i^ to m, and hence as 
t is to M so is the parallelogram ch to the parallelo- 
gram CF. 

Therefore because it has been shown as k to l so is 
the parallelogram ac to the parallelogram ch, also as l 
to M so is tne parallelogram ch to the parallelogram 
CF, therefore, by equality, it is as k to m so is the 
<* 2S. 5. parallelogram ac to the parallelogram cf.^ But also k 
has to M the ratio compounded of the ratios of their 
sides ; hence also ac is to cf in the ratio compounded 
of the ratio of their sides. Therefore equiangular pa- 
rallelograms, &c. g. E. D. 
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* 

PROPOSITION XXIV * 

Theorem. 

Parallelograms which are about the ttiameter of any 
parallelogram are similar to the whole and to one another. 

Let ABCD be a parallelogram, and ac its diameter, 
and let fg, hk, be parallelograms about ac ; thto each 
of the parallelograms fg, hk, is similar to the whole 
ABCD, and to one another. 

For because ef is drawn pa- 
rallel to one of the sides bc of 
the triangle abc, proportionally, 
it is as BF to FA so is ce to ea. 
Asain, because eg is drawn pa- 
raBel to one of the sides cd of 
the triangle acd, proportionally, it is as ce to ea so is 
DQ to GA. But as CE to EA SO is BF to FA; and 
therefore as bf ta fa so is dg to ga, and by compo- 
sition, as BA to ini so is da to ag, and alternately as 
b-a to AD so is FA to AG ; therefore the sides of the 
parallelograms abcd, fg, are proportional about the 
common angle bad. And because ge is parallel to 
DC, the angle age is equal to adc, also gea to dca, 
and DAC common to the two triangles adc, age; 
therefore the triangle adc is eauian^ular to the triangle 
AGE. For the same reason, the triangle acb is equi- 
angular to the triangle afe ; and therefore the whole 
parallelogram abcd is equiangular to the parallelogram 
FG ; hence proportionally it is as ad to dc so is ag to 
ge. But as DC to CA so is ge to ea, also as ac to cb 
so is AE to FE, and also as cb to ba so is fe to fa ; 
and because it has been shown as dc to ca so is ge to 
EA, also as AC to cb so is ae to fe ; therefore, by 

* From hence it is observable, that the parallelograms about the diameter 
are like figures having their sides to one another directly proportional, and 
the complements are equal parallelograms, having their sides reciprocally 
propordonal to one another. Prop. 43, lib. 1. Prop. 14, lib. 6. Moreover 
each of the complements is a mean proportional between the parallelograms 
about the diameter, by prop. 1, lib. 6, and prop. 98, lib. 1, which also are to 
one another in a duplicate ratio of their homologous sides. Prop. 20, lib. 6. 
Pelitarius has very well spoken upon the excellency of this propositioB. 
Hanc ego figuram soleo vocare mysticam. Ex ea enim, velut eo locuple- 
tissimo promptuario, innumerabiles exeunt demonstrationes» quod cum 
magna voluptate prospicict, qui in re Geometrica serio se exercebit. 
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• 18. 6. 
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equality, it is as* dc to fic so is ge to fe. Therefore 
the sides about the equal angles of the parallelograms 
ABCD, F6, are proportional; hence the parallelogram 
ABC D is similar to tne parallelogram fo. For the same 
reasouy also the parallelogram abcd is similar to the 
parallelogram hk ; therefore each of the parallelograms 
FG, HK, is similar to the parallelogram abcd. But 
Bimilar rectilineal figures, which are the same to the 
same raotilineal fieure are the same to one another ; 
and hence the pardlelogram fq is similar to the paral* 
lelogram h k ; wherefore pardlelograma whioh are, &c. 

Q. E. F. 

PROPOSITION XXV. 

Problem. 

To describe a reclilifiealHgure similar to one and equal 
to another given rectilineal figure. 

Let ABC be the given rectilineal figure to which tbe 
figure to be described is required to be similar, also d 
that to which it is req^uired to be equal ; it is, thereip 
fore, required to describe a figure similar to a bo, and 
ako equal to D. 

For to BC apply the parallelo- 
gram be equal to the trianele 
ABC, also to ex the paralldo- 
gram cm equal to d, containing 
an angle ecf, which is equal to 
CBL ; therefore bc is in a direct 
line with cf,* also le to em. And 
find** GH a mean proportional be* 
tween bc, cf, and describe upon 
GH the figure kgh similar and similarly sitoated to 

ABC* 

And because it is as bc to gh so is gh to cf, but if 
three right lines be proportional, as the first is to the 
third, so is the fisure described upon the first to the 
similar and similany described fijgure upon the second ; 
therefore it is as bc to cf so is the triangle abc to the 
triangle kgh. But fdao as bc to cf so is the parall^ 
logram be to the parallelogram ef;^ therefore alter- 
nately as the triangle abc is to the parallelogram be 
so is the triangle kgh to the parallelogram ef. But 
the triangle abc is equal to the parallelogram be, and 
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therefore the triangle kgh is equal to the parallelogram 
£F. But the puallelogram ef is equal to d, and 
hence kgh is equal to d. And kgh is similar to abc. 
Therefore a rectilineal figure kgh is described similar 
to the given rectilineal figure abc, and equal to another 
given rectilineal figure d. g. e. f. 

PROPOSITION XXVI. 

Theorem. 

ff Jrom a parallelogram^ a parallelogram be taken 
away similar and similarly situated to the whole^ and both 
having one common angle; they will also have the same 
common diameter. 

For let the parallelogram aefg be taken from the 
parallelogram abcd, similar and similarly situated to 
it, both having the common angle dab ; then both the 
parallelograms abcd, aefg, are about the same dia- 
meter. 

For if not, let, if possible, ahc be 
the diameter of abcd, and produce 
gf to H^and through h draw hk pa- 
rallel to either of them ad or bc. 

Therefore because the parallelo- 
grams ABCD, kg, are about the same 

aiaraeter, abcd is similar to kg ;* therefore as da is to • **• 6- 
AB so is G A to ak. But because the parallelograms 
ABCD, EG, are similar to one another, it is as da to a b 
so is GA to AE ; and therefore as oa to ak so is ga to 
AE ; hence ga has the same ratio to each of them ak, 
ae ; therefore ae is equal to ak, the less to the greater, 
which is impossible ; hence the parallelograms abcd, 
KG, are not about the same diameter ; wherefore abcd, 
aefg, are about the same diameter. If, therefore, from 
a parallelogram, &c. q. e. d. 
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PROPOSITION XXVII. 

Theokem. 

Of all Jparallelograms applied to the same righi^ lin$. 
am deficient by parallelograms similar and similarly 
situated to that described upon half the /ine, that which ts 
applied to the half and similar to its defect is the greatest. 

Let AB be a right line, and bisect it in c, and appfy 
to the same right line ab, the parallelogram ad, defi- 
cient by the parallelogram ce, similar and similarly 
situatea to that described upon the half line ab, that 
is the parallelogram described upon cb ; then of all the 
parallelograms applied to ab, and deficient by parallel- 
ograms similar and similarly situated to C£, the 
g[reatest is ad. For apply the parallelogram af to the 
right line ab deficient by the parallelogram kh, similar 
and similarly situated to ce ; ad is greater than af. 

For because the parallelogram ce 
is similar to the parallelogpam kh, 

• S6. 6. they are about the same diameter,* 

draw their diameter db and describe 
the figure. Therefore because cf is 

* 49. 1. equal to fe,** add kh which is com- 

mon ; hence the whole ch is equal to the whole kb. 
But CH is equal to cg, since ac is equal to cb, and GC 
is, therefore, equal to ek. Add cf, which is common; 
therefore the whole af is equal to the snomon lmn ; 
wherefore also the parallelogram cb, tnat is ad, is 
greater than the parallelogram af. 

For, again^ let ab be bisected in 
c, and the parallelogram al applied, 
deficient by the figure cm, ana again 
appl]^ to AB the parallelogram ae, 
deficient by df, similar and simi- 
larly situated to cm described upon 
half of the line ab, then is the parallelogram ab ap- 
plied to half the line greater than ae. For because 
DF is similar to cm, they are about the same diameter ; 
let EB be their diameter, and describe the figure. 

And because lf is equal to lh^ for fg is equal to 
GH ; hence lf is greater than ke. But lf is equal to 
dl; therefore also dl is greater than ek. Add kd, 
which is common; therefore the whole al is greater 
than the whole ae. Whence of all parallelograms, &c. 
Q. £. d. 
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PROPOSITION XXVIII. 

Problem. 

To apply a parallelogram to a given right Uae equal to 
a given reetUttteal figure, being defiiieTit by a paridletogram 
mmlar to a given parallelogram. But the given righi 
Uned figure to which the parallelogram is to be applied 
etptal, must not be greater than that eOiplied parallelogram, 
wkick is described upon half the tine ; its defect being 
sinular to the defect of that which is to be applied ; that 
iSf to the gittea parallelogram. 

Let AS be a given right line, also c a given rec- 
^neal figure, to which the parallelogram applied to 
AB is required to be equal, not greater than mat tip~ 

Slied to naif the line, the parallelogTams being the 
eficiencies of these paralletogramB being similar. It 
IB required to apply to the given right line ab a paral- 
lelogram equal to the given rectilineal figure c, defi- 



cient by a ^ 

Bisect AB in the 
point E, and describe 
upon EB the parallel- 
ogram £BFO, similar 
and similarly situated 
to D,' and complete 
the parallelogram ag, 
AG 18 either equal to 
c or greater than it, by 
if AG is equal to 



,m similar to d. 






-0 



of the limitation. And 
the thing proposed will be done, 
for to the ^ven right line ab the parallelogram ao will 
be applied equal to the given rectilineal figure c, and 
deficient by the parallelogram ef similar to d. But if 
not, HE is greater than c. Wherefore ub is greater 
than c, make a parallelogram klhn equal to the excess 
of HE, similar and simiTarly situated to d."" But D is * 
aimilar to ob ; and therefore ku is similar to gb. Let 
thence kl be homologous to gg, also lm to of. And 
because gb is equal to c, km, therefore gb is greater 
than KM ; hence also ge is greater than lk, iuso of 
than LH. But gx equal to kl, also oh equal to lm, 
and complete the parallelogram xoof, therefore op is 
equal and similar to km. But km is simitar to os, and 
or is therefore similar to gb ; hence op and cp are 
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about the same diameter. Let gpb be their diameter^ 
and describe the figure. 

And because bg is equal to ckm, of which gp is 
equal to km; hence the remaining gnomon uyx is 
equal to c. And because or is equal to xs, add pb 
which is common ; therefore the whole ob is equal to 
the whole xb. But xb is eaual to th. And because 
the side as is equal to the side eb ; and te is therefore 
eaual to ob. Add xs, which is common, therefore the 
wnole Ts is equal to die gnomon uyx. But t7YX has 
been shown to be equal to c, and therefore ap is equal 
to c. 

Therefore to the given right line a b the parallelogram 
su has been applied equal to the given rectilineal figure 
c, deficient by the parallelogram pb similar to n, 
whence pb is similar to gp. q. e. f. 

PROPOSITION XXIX. 

Problem. 

To a given right line to apply a parallelogram eaual /o 
a given rectilineal figure,, exceeding by a paralMogratn 
similar to a given parallelogram. 

Let ab be the given ri^ht line, also c the rectiUneai 
figure to which the paraUelogram applied to a a is re- 
quired to be equal, and d that to which it is to be gimi- 
lar ; it is required, therefore, to the right line ab to 
apply a paraUelogram equal to the rectilineal figure c, 
exceeding by a parallelogram similar to d. 

Bisect AB in e, and describe 
upon EB, the parallelogram bf 
similar and similarly situated to 
• 18. 6. i>/ and BF equal to c, also de- 
scribe GH similar and similarly 
situated to d; therefore gh is 
similar to bju But let kh be ho- 
mologous to FL, also KG to FE. And because gh is 
greater than fb, therefore kh is also greater Uian fl, 
also KG than fe. Produce fl, fe, and let flm be 
equal to kh, also fen to kg, and complete mn ^ there- 
fore MN is equal and similar to gh. jSut oh is similar 
to Eh, and hence mn is similar to el; and Bt| mn, are 
about the same diameter. Draw their diameter FXy 
and describe the figure. 
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And because <j»H is equal to vl, c^ but oh is equal 
to MN, and MN is therefore eoual to bl« ^ Take away 
Bii, which is oommon. Theretore the remaiQittg gnomon 
vgY is equal to o. And because ab is equal to bb, an 
is also equal to nb, that is to lo. Add ex, which is 
common; therefore the whole ax is equal to the 
gnomon yxy. But the gnomon txt is equal to c; 
and AX is therefore equal to c. Therefore to the given 
right line ab, a parallelogram c lus been appliedi ir 

exceeding by the parallelogram po similar to n» be^ 
cause OP is similar to d.^ q« e. f. ^ 24. 6. 



PROPOSITION XXX. 

■ 

Problem. 

To cut a ^venjinite right lifte in' extreme and mean 
ratio. 

Let ab be a given finite right line; it is required to 
cut the given right line ab in extreme and mean ratio. 
Describe upon ab the square bc,^ and apply to ac the " 46. i. 
parallelogram en equal to bc, exceeding by the figure 
AB similar to bc.^ ^ 29. 6. 

But Bc is a square^ hence ad is 
also a square. And because bc is 
equal to on, take away ce, which is 
common ; therefore the remainder bf 
is equal to the remainder ad, but it is 
also equiangular to it, therefore the 
sides of them bf, ad about the equal angles are reci- 
procally proportional ; hence it is as pe to ed so is a e 
to eb. But FE is equal to ac, that is, to ab, also ED 
to AE ; therefore it is as ba to ae so is ae to eb. 
But AB is ^eater than ae; hence also ae is greater 
than EB. Therefore the right line aB has been cut 
in E in extreme and mean ratio, and a e is its greater 
segment, q. e. d. 

Otherwise. 

Let AB be a given right line, it is required to cut ab 
in extreme and mean ratio. 

Divide ab in c, so that the rectangle under ab, bc, 
may be equal to the square of ac.*^ « it. «. 
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And because the rectangle under ab, 

BC, is equal to the square of c a ; hence '^ c b 

* 1^* tf» it ig as AB to AC so is ac to cb.^ Therefore ab has 

been cut in c in extreme and mean ratio, g. £• d. 

Deductions. 

1. A siven ri^ht line being cut in extreme and mean 
ratiO| irfrom the greater se^ent the less be taken, 
the greater segment also will thus be cut in extreme 
and mean ratio ; and if a ri^ht line, eaual to the greater 
segment, be added to the given line, tne line, which is 
maide up of the given line and itm segment, is also 
cut in extreme and mean ratio. 

2. Upon a given right line as an hypothenuse to 
describe a right-angled triangle, which shall have its 
three sides continual proportionals. 

PROPOSITION XXXI. 

Theorem. 

In right-angled triangles, the figure described upon the 
nde subtending the right angle is equal to the figjires^ 
similar and similarly aescribed upon the sides^ containing 
the right angle. 

Let ABC be a right-angled triangle, having the right 
angle bag ; then the figure described upon bc is equal 
to the similar and similarly described figures upon ba, 
AC Draw* the perpendicular ad. 

And because in the right-angled tri- 
angle BAG, a perpendicular ad is drawn 
upon the base bg from the right angle at 
a ; therefore the triangles abd, adg, are 
similar to the whole abc, and to one 
another. And because abg is similar to abd, therefore 

• 4. 6. it is as CB to ba so is ba to bd.* And because there 

are three proportionals, it is as the first to the third so 
is the figure aescribed upon the first to the similar and 
similarly described figure upon the second ; hence as cb 
to bd so is the fij^ure upon gb to the similar and simi- 
larly described fi^re upon ba. For the same reason, 
as bc is to gd so is the figure upon bc to the similar 
and similarly described figure upon ga ; wherefore also 
as BG is to bd, DC, so is the figure upon bg to those 
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upon CA^ BA. But Bc is equal to bd, dc; therefore 
also the figure upon bc is equal to the similar and 
similarly described figures upon ba, ac. Therefore 
in right-angled triangles^ &c. q. e. d. 



PROPOSITION XXXII. 

Theorem. 

If two triangles having two sides of the one propor* 
tional to two sides of the other ^ be joined at one angle, so 
that their homologous sides he parallel; the remaining 
sides of those triangles shall he in one right line. 

Let ABC, CDE, be two triangles, having the two sides 
BA, AC, proportional to the two sides cd, de, viz. as ab 
to AC so is DC to DE, also AB parallel to dc, and ac to 
DE ; then bc, ce, are in one right line. 

For because ab is parallel to dc, 
and AC falls upon them, the alternate 
angles, bac, acd, are equal to one 

another,* For the same reason, also, \ W \ " 29. i. 
CDE is equal to acd ; wherefore 
also BAC is equal to cde. And be- 
cause there are two triangles abc, dce, having the 
angle at a equal to the angle at d, and the sides about 
the equal angles proportionals, viz. as ba to ac so is cd 
to DE. Therefore the triangle abc is equiangular to the 
triangle cde;** hence the angle abc is equal to dce. ** ^- ^• 
But it has been shown that acd is equal to bac : hence 
the whole ace is equal to the two abc, bac ; add the 
commonangle acb ; therefore the angles bac, abc, bca, 
are equal to two right angles,*^ and ace, acb. To any ' 32. i. 
right line ac, and at any point c, two right lines bc, 
ce, not placed at the same parts, make the adjacent 
angles ace, acb, equal to two right angles ; hence bc 
is in the same right line with ce.** •» i4. i. 




N 
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PROPOSITION XXXIII. 

Theorem. 

In equal circles^ armies have t/ie same ratio a$ the cifrr 
cunfferences on which Ihey standi whether they be at the 
centres^ or at the circumferences ; and so also are the jec- 
torSf as being at the certtres. 

Let ABc^ DEFy be equal circles, and bog, ehf, at 
their centres g, h^ also bac, edf, at the circum* 
ferences; then as the circumference bc is to the cir- 
cumference £F so is the angle bgc to ehf, and bac to 
EDF, also the sector obc to the sector uef. 

Take any number of circumferences ck, kl, each 
equal to bc, and any number whatever fm, mn, each 
equal to ef, and join gk, gl^ 
HM, HN. And because the 
circumferences bc^ ck, kl, 
are equal to one another, 
and the angles bgc, cgk, kgl, 

• «7. s. equal to one another.* What- 
soever multiple the circumference bl is of 9 c^ the 
same multiple is the angle bgl of bgc. For the same 
reason, whatsoever multiple the circumference ^n ia of 
EF| the same multiply is the angle ehn of ehf. If 
therefore the circumference b l be equal to the circum- 

^ 37. s. ference en, the angle bgl is also equal to ehn ;^ and 
if the circumference bl be greater thaa the circum* 
ference en, the angle bgl is greater than the angle 
EHN ; and if less, less; hence there being four magni- 
tudes, the two circumferences bc, ef, also the two 
angles bgc, ehf, of the circumference bc and of the 
angle bgc are taken any equimultiples whatsoever, 
viz. the circumference bl and the angle, bgl also of the 
circumference ef and angle ehf, viz. the circuixifereQce 
EN and the angle ehn ; and it has been shown if th^ 
circumference bl exceed the circumference 9N, the 
angle bgl will exceed the angle ehn ; if equal, equal; 
and if less, less ; therefore it is as the circumfi^rence 

« 5 Def. 5. BC to EF so is the angle bgc to ehf.*^ But as the 
angle bgc to ehf so is bac to edf, for each is double 
of each; and hence as the circumference bc is to the 
circumference ef so is the angle bgc to ehf and bag 
to EDF. Therefore in equal circles, angles have the same 
ratio as the circumferences on which they sland, whe- 
ther at the centres or at the circumferences. Q. e. d. 
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Again, as the circumferenoe bc is to the circum- 
ference EF so is the sector o b c to the sector hef. 

For joia BC, CK, and take any points x, o, in the cir- 
cumference, BC, CK, and 
join BX, xc, CO, OK. 
And because the two 
BG, GC, are equal to 
the two C6 GK, and 
they comprehend equal 
angles, the base bc is 

also equal to ck ; therefore the triangle bgc is equal 
to the triangle gck. And because the circumfer- 
ence BC is equal to the circumference ck, also 
the remaining circumference of the whole circle is 
equal to the remaining circumference of the whole 
circle; wherefore also the angle bxc is equal to the 
angle cok ; hence the segment bxc is similar to the 
segment cok ; and they are upon equal right lines 
BC, CK. But similar segments of circles upon equal 
right lines are equal to one another; hence the 
segment bxc is equal to the segment cok. But 
the triangle bgc is equal to the triangle gck ; and 
therefore the whole sector gbc is equal to the whole 
sector GCK. For the same reason the sector gkl is 
equal to each of them gkc, gcb ; hence the three sec- 
tors GBC, GCK, GKL, are equal to one another. For the 
same reason also the sectors hef, hfm, hmn, are equal 
to one another ; therefore whatsoever multiple the cir- 
cumference BL is of the circumference bc, the same 
multiple is the sector gel of the sector gbc. For the 
same reason also whatsoever multiple the circumference 
EN is of the circumference ef, the same multiple is the 
sector HEN of the sector hef; if therefore the circum- 
ference BL is equal to the circumference en, the sector 
BGL is also equal to the sector hen ; and if the circum- 
ference BL exceed the circumference en, the sector 
GBL will also exceed the sector hen ; and if less, less. 
Hence there being four magnitudes, the two circum- 
ferences BC, EF, also the two sectors gbc, hef, and 
any equimultiples of the circumference bc and of the 
sector gbc, are taken, viz. the circumference bl and the 
sector GBL ; also any equimultiples of the circum- 
ference ef and sector hef, viz. the circumference en, 
and sector hen. And it has been shown that if the 
circumference bl exceed the circumference en, the 
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sector OBL will also exceed the sector hbn ; if equal, 
equal ; and if less, less ; therefore as the circumference 
Bc is to EF so is the sector ose to the sector hef. 
Therefore in equal circles, &c. q. e. d.* 

Deduction. 

To trisect a given circle, by dividing it into three 
equal sections. 

* The latter part of this propoaition was added by Theon, aa he informs 
Ui» in his Commentaries on Ptolemy's Alniagest. He says, Krt H Kal ox 
rofuls' and moreover alto the tectort ; which are the only words of Theon 
added to Euclid's proposition, for what is subjoined artirpoarois rifrrpois 
<rwurrafi9yoi, when constituted at the centret, must be -acme marginal note 
ver}- absurdly put in, as supposin«^ there were another kind of sectors, 
besides what are stated at the centre of the circle, according to def. 10th, 
lib. 'M Indeed the figures at the circumference are not, as their angles are, 
in the same ratio with the arcs on which they insist ; but these figures are not 
called nectort, neither have they any note or name in Geometry to give occa- 
sion fur sucli a needless caution — an oversight too great for Theon to be 
guilty of. 
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